Insensitivity of Quantized Hall Conductance 
to Disorder and Interactions 
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A two-dimensional quantum Hall system is studied for a wide class of potentials including 
single-body random potentials and repulsive electron-electron interactions. We assume 
that there exists a non-zero excitation gap above the ground state(s), and then the con- 
ductance is derived from the linear perturbation theory with a sufficiently weak electric 
field. Under these two assumptions, we proved that the Hall conductance a xy and the 
diagonal conductance a yy satisfy \a xy + e 2 b / /h\ < const. L~ 1 / 12 and \cr yy \ < const. L -1 / 12 . 
Here e 2 /h is the universal conductance with the charge — e of electron and the Planck 
constant h; v is the filling factor of the Landau level, and L is the linear dimension of the 
system. In the thermodymanic limit, our results show a xy = —e 2 u/h and a yy = 0. The 
former implies that integral and fractional filling factors v with a gap lead to, respectively, 
integral and fractional quantizations of the Hall conductance. 
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1 Introduction 



The quantum Hall effect]] is one of the most remarkable phenomena discovered in solid state 
physics. The effect is observed in two-dimensional electrons gases subjected to a uniform 
perpendicular magnetic field. Experimentally, such systems are realized at interfaces in 
semiconductors. The first experiments of the resistivity in a two-dimensional electron 
system in a magnetic field were performed by Kawaji, Igarashi and Wakabayashi |ffl and 
Igarashi, Wakabayashi and Kawaji || in 1975. Unfortunately the quality of the samples 
in their early experiments^ had not reached the stage where plateaus of finite width for 
the Hall resistivity could be obtained. In the same 1975, Ando, Matsumoto and Uemura 
J7| also were studying a two-dimensional electron system with disorder in a magnetic field, 
and theoretically predicted some aspects of the quantum Hall effect. However, they did 
not expect that the Hall resistivity of the plateaus is almost precisely quantized. 

Soon after these studies, the integral quantum Hall effect was discovered |8], H, and 
the fractional quantum Hall effect was subsequently discovered flO], [llj. Most aspects of 
the integral quantum Hall effect may be understood with an essentially single electron 
description, in which electron-electron interactions play only a secondary role. Actually 
early theoretical works JT^], FJ, [TJ[] for explaining the integral quantum Hall effect were 
done along this line. In particular, a smashing idea of a topological invariant^ for the 
conductance was introduced by Thouless, Kohmoto, Nightingale and den Nijs |TJ|] and 
Kohmoto | 15| . After their article fl4]| , there appeared many variants |fi6| , |17| , [18| , |19 , [20|| of 



their argument. In particular, some of the arguments were extended to a quantum Hall 
system with electron-electron interactions [IlTL ITBl IT5L EDI. However, the results always 



show an integral quantization of the Hall conductance without ad hoc assumptions ||17|| . It 
is questionable that the fractional quantization of the Hall conductance can be understood 
with a topological invariant of the Hall conductance. 

For giving an explanation of the fractional quantum Hall effect, the difficulty comes 
from the fact that the electron-electron interaction is essential to this phenomenon. In 
order to overcome the difficulty, it is necessary to clarify the nature of the ground state (s) 
and of the low energy excitations for a strongly interacting electrons gas in a uniform mag- 
netic field. For such a system, there appeared many approximate theories, trial functions 
for the ground state(s), perturbative approaches, mean field approximations, numerical 
analysis, etc However, the quantum Hall effect, in particular, the fractional quanti- 
zation of the Hall conductance plateaus, is still not explained theoretically with a model 
of an interacting electrons gas in a uniform magnetic field. 

In this paper, we consider a two-dimensional electrons gas in a uniform magnetic field 
with disorder and electron-electron interactions. The model is defined on an L x x L y 
rectangular box with periodic boundary conditions. The explicit form of the Hamiltonian 
is given by (|2.1|) in Section EJ. We assume the existence of a non-zero excitation gap above 
the ground state(s). The existence of a gap is believed to be essential to the fractional 

1 For the history of the quantum Hall effect, see reviews |lj g [3j. 
2 See also experiments Q. 

3 We should remark that Dubrovin and Novikov (T^] preceded the article jl4j and found a topologically 
nontrivial vector bundle and a topological invariant in a two-dimensional periodic Schrodinger operator 
with a magnetic field, although they did not treat the conductance. 



4 



quantization of the Hall conductance. Further we assume that an applied electric field to 
induce a Hall current is sufficiently weak so that the conductance is derived as the linear 
response coefficients from the linear perturbation theory. Under these two assumptions, 
we proved that the Hall conductance a xy and the diagonal conductance a yy satisfy 



e 2 

(Txy + -T-V 



< const.4/%- 7 / 24 , \a yy \ < const.Llf 4 L// 24 . (1.1) 



Here v is the filling factor of the Landau level, and e 2 /h is the universal conductance with 
the charge — e of electron and the Planck constant h. In particular, 



e 2 



&xy + -TV 

Clearly we have 



< const. L" 1/12 , \a yy \ < const. L~ 1/12 for L x = L y = L. (1.2) 



e 2 



o'xy = ~~T v i °vv = 

in the thermodymanic limit L — > +00. In the next Section |^, the precise statements of 
these results and the precise definitions of the conductance cr xy , a yy and of the filling factor 
v will be given in a mathematically rigorous manner, and we will see that our results are 
justified for a wide class of potentials which includes single-body potentials with disorder 
and repulsive electron-electron interactions decaying by a power law. But the class does 
not include the standard Coulomb interaction proportional to 1/r, where r is the distance 
between two electrons. 

A reader may think that the finite-size corrections in the upper bounds of ( |1.2| ) are too 
large in comparison to the precision of the experimentally measured conductance. Actually 



the true finite-size corrections are expected to be exponentially small as in ref. |22[| . But it 
is very hard to prove the corresponding statement in a mathematically rigorous manner. 

Having the result fll.lQ in mind, let us discuss which filling factor v leads to a spectral 
gap above the ground state(s). For this purpose, we briefly state a result of our separate 



paper ||23|| . In the paper, we treated a two-dimensional quantum Hall system with electron- 
electron interactions and without disorder. The model is defined on an infinitely long strip 
with a large width, and the Hilbert space is restricted to the lowest (n max +l) Landau levels 
with a large integer n max . The explicit form of the Hamiltonian is given in Section |2|. In the 
infinite volume, we assumed the absence of non-translationally invariant infinite-volume 
ground state. Then we obtained the following result |23| : 



• If a pure infinite-volume ground state has a non-zero excitation gap, then the filling 
factor v must be equal to a rational number .0 

Although we have considered the system without disorder, we can expect that, for the 
presence of weak disorder, the gap persists against the disorder. In this situation with the 
weak disorder, we get a rational quantization of the Hall conductance 

e 2 

&xy = ~~^ V w ith a rational filling i/, (1-4) 



4 In ref. [j23| . we also gave a phenomenological explanation for the reason why odd denominators of 
filling factions giving the quantized Hall conductance, are favor exclusively. 
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and the vanishing diagonal conductance 



o yv = (1.5) 
from the result (l.lj). Further, in order to discuss the appearance of the Hall conductance 



plateaus, we change the filling factor v slightly from the above rational value. Then, if 
the electrons of low energy excitations do not contribute to the current flow owing to the 
disorder, we can expect that the rationally quantized value of the Hall conductance a xy 
remains constant, i.e., there appears a plateau of the Hall conductance, with the vanishing 
diagonal conductance. The appearance of such a plateau will be discussed in relation to 
localization of wavefunctions in another separate paper [f24[| . 

This paper is organized as follows: In Section 0, we give the precise definition of 
the model and describe our main theorems in a mathematically rigorous manner. As 
preliminaries for the proofs of our theorems, we briefly review the eigenvalue problem of 
the single-electron Landau Hamiltonian and treat the Landau Hamiltonian with an electric 
field in Section |3|. In Section |], we discuss the relation between the electric potential 
of the present paper and the standard time- dependent vector potential. In Section ||, 
we calculate the current density by using the Rayleigh-Schrodinger perturbation theories 
with a sufficiently weak electric field, and give the proofs of our main theorems. For the 
convenience of readers, Appendices [A]-[H] are devoted to technical estimates and calculations 
of matrix elements appeared in our representation of the conductivities (conductance). 



2 The model and the main results 

We study a two-dimensional interacting N electrons system with a disorder potential V w 
in a unifrom magnetic field (0, 0, B) perpendicular to the x-y plane in which the electrons 
are confined, and in an electric field (0, F, 0) oriented along the y axis. For simplicity we 
assume that the electrons do not have spin degrees of freedom, although we can treat a 
quantum Hall system with spin degrees of freedom or with multiple layers in the same 
way. The Hamiltonian we consider in this paper is given by 

N r 1 1 
H » = £}^* J -eBv j +A Q )* + —i? v>j + V u {T j ) 

N 

%i Xj , y% y j )+ y EeFy j P b < Sk j, (2.1) 

l<i<j<N j=l 

where — e and m e are, respectively, the charge of electron and the mass of electron, and 
A is a real gauge parameter; r,- := (xj,yj) is the j th Cartesian coordinate of the N 
electrons. As usual, we define 

d d 
Px,j = ~ lh -fa.i and Pvj = ~ lh dy~. ( 2 ' 2 ) 

with the Planck constant h. The system is defined on a rectangular box 

S := [-LJ2, L x /2] x [-L y /2, L y /2) (2.3) 
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with periodic boundary conditions. We have intreoduced a projection operator Ptmikj so 
that the electrons near boundaries y = ±L y /2 do not feel the infinitely strong electric 
fields at the boundaries. Since the projection (1 — Pbuikj) acts on a wavefunction at 
only a neighborhood of the boundaries, we can expect that the effect of the projection is 
negligible^ in the thermodynamic limit L y — ► +00. In Section |37^, we will give the precise 
definition of Pbuikj, arid show that the corresponding electric field is constant except for 
the neighborhood of the boundaries. In Section || we will discuss the relation between 
the regularized electric potential and the standard time-dependent vector potential. The 
latter yields the constant electric field on the whole torus. 

We assume that the single-body potential V u with disorder satisfies the following con- 
ditions: periodic boundary conditions 



and 



V u (x + L x , y) = V u (x, y + L y ) = V u (x, y), 



\VJ\ <V <oo, 



(2.4) 



(2.5) 



where Vo is a positive constant which is independent of the linear dimensions L x , L y of the 
system. The potential V u consists of a random part V^ an and a regular part W as 



V„(x,y) = V™(x,y) + W(x). 
The regular part W is a function of x only such that W satisfies 

W(x + L x ) = W(x) = W(-x). 
A simple example of W is given byf] 

W(x) = Wq cos kx with k = -j—n, n G Z, 

where Wo is a real constant. 

The electron-electron interaction satisfies 

uV)(-x,-y) = U®(x,y). 

We impose periodic boundary conditions as 

U {2) (x + L x ,y) = U {2) (x,y + L y ) = U {2) (x,y). 

We assume that is two times continuously differentiable on R 2 , and satisfies 



(2.6) 



(2.7) 



:2.8i 



d 2 



dx'- 



■U (2) (x,y) 



2 



dy' 



■U (2 \x,y) 



< a U {2) (x,y) for any (x, j/)eR 



(2.9) 



(2.10) 



(2.11) 



5 It is very difficult to give a proof for the statement that the boundary effect is negligible. In fact, we 
still cannot prove the claim. 

6 The question of the applicability of our method to a quantum Hall system with a periodic potential 
was brought to the author by Mahito Kohmoto. Thus we have partially answered his question, althuough 
we still cannot treat a periodic potential modulating in both x and y directions. 
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with a positive constant a which is independent of the linear dimensions L x , L y of the 
system. Further we assume that 

U {2 \x } y) <U {l + [dist(x,y)/r ] 2 }" 7/2 with U > 0, 7 > 2, r > 0, (2.12) 
where the distance is given by 



distfx, y) := , /min{|x — mL x \ 2 } + min{|y — nL y \ 2 }. (2-13) 



A simple example of satisfying these conditions is 

U 



UW(x,y)= ° with 7 > 2, (2.14) 

[1 + (r/r ) 2 J 



where Uq and ro are posiitve constants, and 



fM 2 sin 2iL x+ (W^^JLy. (2.15) 



In the limit L x ,L y —>■ 00, we have the usual Euclidean distance r = a/x 2 + y 2 . 

We take L^L,. = 2itM£ 2 b with a sufficiently large positive integer M. Here £5 is the 



so-called magnetic length defined as £b '■= yh/eB. The number M is equal to the number 
of the states in a single Landau level of the single-electron Hamiltonian in the uniform 
magnetic field with no single-body potential, and with no electric field. For simplicity, we 
take M even. We define the filling factor v as v = N/M. We assume v < u , where uq is 
a positive constant which is independent of L x ,L y ,N. The condition L x L y = 2ttM£ 2 3 for 
L x ,L y is convenient for imposing the following periodic boundary conditions: For an iV 
electrons wavefunction <&( N \ we impose periodic boundary conditions 

tf (L X )$W (r x , r 2 , . . . , t n ) = $W (n, r 2 , . . . , r N ) for j = 1, 2, . . . , N, (2.16) 

and 

tf (L y )$W (r 1; r 2 , . . . , rjv ) = $W(n, r 2 , . . . , rjv ) for j = 1, 2, . . . , iV. (2.17) 

Here t (x) ("-) and £^(---) are magnetic translation operators p5| defined as 

&\x')f(x,y) = f(x - x',y), t^(y')f(x,y) = exp[iy'x/£ 2 B ]f(x,y- y') (2.18) 

for a function / on R 2 , and a subscript j of an operator indicates that the operator acts 
on the j-th coordinate of a function.[| The range of x' and y' are given by0 

x' = mAx with mGZ, and 2/ = nAy with n e Z, (2-19) 



7 Throughout the present paper, we use this convention. 
8 See Section EH. 



8 



where the minimal units of the translations are given by 

^■■'wh a,id Ay:= ^h (2 - 20) 

For a given random potential V u , we define a set of random potentials as 

n(u) := n T (iu) Utt R (uj) (2.21) 



with 



and 



tt T (u) := Id 



2irhn 1 

V^(x,y) = V UJ (x,y-y ),y = ^T~,n e Z \ (2.22) 



2nhn \ 

V w >(x,y) = K,(-x,y - y),yo = ^T' n eZ ■ ( 2 - 23 ) 



n H (uj) := 

Further we define an average with respect to the random potentials Q(u) as 



The regular part W of the single-body potential V u of ( p.6|) is invariant under the trans- 
formations in (ggg ) and ( ggg ). 

We denote by the Hamiltonian ifM of Q) with i = and F = 0. We 

assume that the "ground state" of is finitely g-fold degenerate in the sense that the 
lowest-lying q energy eigenvalues Ef£9 \, fj, = 1,2, ... ,q satisfy the condition 



A£ '-=^tLj\ E ^>- E '"U}- for a fixed L.. < 2 ' 25 > 



where the limit is taken for a fixed filling v = N/M. Further we assume that there exists a 
non-zero excitation gap above the "ground state", i.e., the first excited state has an energy 
eigenvalue E£i such that 

^..J^-B$ J>±E, (2.26) 

where AE is a positive constant which is independent of L x ,L y , N. 

We denote by &^? ^ with fi = 1,2, ...,q, the "ground state" eigenvectors of the 

Hamiltoniar|] of fl2.1|) with a sufficienlty weak electric field F. We take {^o^} to 
be an orthonormal system. Then the current density j at zero temperature is given by 

J^x^y q n=l 



3 More precisely, we choose A = m e F/B in addition to the condition of the small F. See Section ||. 
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where (•••,•••) stands for the inner product in the N electrons Hilbert space, and the 
velocity operator v tot for the N electrons is given by 



Vtot,. 



1 

m 
1 

m 



N 



— J2(Px,j - eByj + A ) 

e j=l 
N 

3=1 



for s 



x: 



(2.28) 



for s = y. 



The formula ( |2.27|) for the current density j is justified for an inverse temperature (3 
satisfying AS <C <C AE. The conductivities are defined as 



a 



sy ■- 



lim — for s 

fio F 



x,y. 



(2.29) 



Now we describe our main theorems for both non-interacting and interacting electrons 
gases. 

Theorem 2.1 Suppose that there is no electron- electron interaction, i.e., = 0, and 
that there is a non-zero excitation gap above the "ground state" in the sense of ( 2.26 ). 
Then 



B 



3/5 



B 



3/5 



mi 



^ C-confl ( 



(2.30) 



where C con ,o is a positive constant which is independent of the linear dimensions L x , L y of 
the system and of the number N of the electrons. 

We remark that the above assumption on the excitation gap is valid in the case with 
||V^|| < Vo < hu c /2 and v e {1,2,...}. Here u> c is the cyclotron frequency given by 
uj c := eB/m e . In fact the ground state is unique and has a non-zero excitation gap above 
it. In the thermodynamic limt L y — > oo, we have the integral quantization of the Hall 
conductance a xy = —e 2 (n + l)/h with the Landau level index n = 0, 1,2, . . ., and the 
vanishing diagonal conductance o yy = 0. 

For the interacting electrons gas, we obtain the following theorem: 

Theorem 2.2 Suppose that the single-body potential is two times continuously differ- 
entiable on R 2 and satisfies 



d 2 



dx 2 



+ 



d 2 



dy' 



■V, 



< Vq < oo 



(2.31) 



with a positive constant Vq which is independent of the linear dimensions L x ,L y of the 
system, and suppose that there is a non-zero excitation gap above the "ground state" in 
the sense of ^2.2b\ ). Then there exists a positive number N m \ n such that A^" min is independent 
of the linear dimensions L x , L y of the system and of the number N of the electrons, and 
that the following two bounds are valid for N > A^ min : 



o- xy + jV 



5/24 



B 



7/24 



\o 



t/U I 



<C -~ A t) f 



5/24 



■B 



7/24 



(2.32) 
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where C con is a positive constant which is independent of the linear dimensions L x , L y of 
the system and of the number N of the electrons. In particular, 



e 2 

O-xy + JV 



<> i 1/12 (£b\ 1/12 

< Ccon I ~r I i \ <J yy\ — ^con I ~r ) for L x — L y — L. (2.33) 




The number N min is explicitly given as a function of the parameters of the model in ( |b'.16| ) 



in Appendix F.2 



Having this result in mind, let us discuss which filling factor v leads to a spectral gap 
above the "ground state" . For this purpose, we briefly state a result of our separate paper 
p3l. Consider first the Hamiltonian 



N r 1 r i 1 

# (A °:=£ \~— [{p x j-eB Vj ) 2 +pl d ]+W( Xj ) + £ r^(,;-.r r! j, Vj ) (2.34) 

j=l ^ zrrl e > \<i<j<N 

which is the Hamiltonian ( |2.1|) without the random potential V^ an and with A = and 
F = 0. Then we restrict the Hilbert space to the lowest (n max + 1) Landau level with a 
large integer n max . Namely the Hamiltonian we treated in ref. |23| is given by 



# (iV) Knax) := P {N \n max )H^p( N \n max ) (2.35) 

with the projection operator P^(n max ). We take the thermodynamic limit L y — > +oo for 
a fixed large L x and a fixed filling factor v. In this infinite- volume limit, we assume the 
absence of non-translationally invariant infinite-volume ground state. Then we obtained 
the following result ||23|| : 

• If a pure infinite-volume ground state has a non-zero excitation gap, then the filling 
factor v must be equal to a rational number.^ 

Although the system we treated has no disorder, we can expect that, for the presence 
of weak disorder, the gap persists against the disorder. In this situation with the weak 
disorder, we get a rational quantization of the Hall conductance 

e 2 

°~xy — ~~^ V wr th a rational filling (2.36) 
and the vanishing diagonal conductance 

a yy = (2.37) 



from the result (|2.32|) . 

In order to discuss the appearance of plateaus, we change the filling factor v slightly 
from a rational value in the non-interacting or the interacting cases. Then, if the electrons 
of low energy excitations do not contribute to the current flow owing to the disorder, we can 
expect that the quantized value of the Hall conductance a xy remains constant, i.e., there 
appears a plateau of the Hall conductance, with the vanishing diagonal conductance. The 
appearance of such a plateau due to disorder will be discussed in relation to localization 



of wavefunctions in another separate paper [24 
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For the so-called odd denominator rule, see the footnote || in Section 0. 
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3 Single electron Landau systems 



As preliminaries, we briefly review the properties of the single electron systems in a uniform 
magnetic field with no electric field, and then introduce an electric field. 



3.1 The single electron Landau Hamiltonian 

In this subsection, we briefly review the eigenvalue problem of the Landau Hamiltonian 
for a single electron in a uniform magnetic field. The Hamiltonian is given by 



n 



1 



2m P 



(p x - eBy) 2 +p 2 y 



(3.1) 



Consider first the eigenvalue problem on the infinite plane R 2 . In order to obtain an 
eigenvector of the Hamiltonian 7i, put its form as 



<p(x,y) = e ikx v(y) 



(3.2) 



with a wavenumber fceR. Substituting this into the Schrodinger equation Ticf) = £<f), one 
has 

Clearly this is identical to the eigenvalue equation of a quantum harmonic oscillator as 

2 



v(y) = Sv(y). 



(3.3) 



h z d 2 



e 2 B 2 



+ 



2m e dy 2 2m 



v ~7b, 



v(y) = £v(y). 



The eigenvectors are 



v n ,k(y) '■= l 'n(y - Vk) ■■= N n exp -{y - y k ) 2 /(2£ 2 B ) H n [(y - y k )/£ B ] 



(3.4) 



(3.5) 



where H n is the Hermite polynomial, y k = Hk/eB, and N n is the positive normalization 
constant so that 



dy\v ntk (y)\' 



(3.6) 



The energy eigenvalues are given by 

£ n>k := (n + %lo c for n = 0,1,2,... (3.7) 

with u c = eB/m e . Thus the eigenvectors of the Hamiltonian ( |3.1| ) are given by 

(t> n ,k{x,y) = e ikx v n , k (y). (3.8) 

Next we consider single electron in L x x L y rectangular box S = [— L x /2, L x /2] x 
[—Ly/2, Ly/2] satisfying L x L y = 2nM£ 2 B with a sufficienlty large positive integer M. For 
simplicity we take M even. We impose periodic boundary conditions 



(x,y)=t^(L x ) ( f ) (x,y), </>(x,y) =t<»\L y )<t>(x,y) 



(3.9) 
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for wavefunctions <p on R 2 - Here t^ x '(- ■ ■) and t^(- ■ •) are the magnetic translation oper- 
ators defined by Q2.18Q . We claim that the functions 

f 1 (x 1 y) = &\x')f(x,y) (3.10) 

and 

f 2 (x,y) = t^(y')f(x,y) (3.11) 

satisfy the periodic boundary conditions ( |3.9|) if / satisfies ( ^9|) . As a result, x' and y' are 
restricted into the following values: 

x' = mAx with m G Z, and = nAy with nfZ, (3-12) 



where 



In fact one has 



& 1 , * h 1 , 

Ax:=— — , and Ay := — — . 3.13 
ei3 L v eB L x 



fi{x,y) = f(x-x',y) 

= exp[iL y (x - x')/£ 2 B ]f(x - x', y - L y ) 

= exp[-iL y x'/£ B ] exp[iL y x/£ B ]f(x -x',y- L y ) 

= exp[-iL y x'/£ 2 B } ey^[iL y x/i B \f-i_{x,y - L y ) 

= eM-iLyx'/il^iLy)/^) 

= eyv[-iLyX /l B }f\(x,y). (3.14) 

by the definitions. This implies L y x'/£ 2 B = 2nm with an integer m. Similarly 

f 2 (x,y) = exp[iy'x/£ 2 B ]f(x,y -y) 

= exp[iy'x/f B ]f(x - L x ,y - y) 

= exp[iy'L x /£ 2 B ] exp[iy'(x - L x )/£ 2 B }f(x - L x ,y - y') 

= exp[iy'L x /£ 2 B }f 2 (x - L x ,y) 

= exp[iy'L x /l 2 B ]&\L x )f 2 (x,y) 

= exp[ty'L x /£ 2 B ]f 2 (x,y). (3.15) 

Thus y'L x /£ 2 B = Inn with an integer n. In the following we restrict the ranges of the 
variables x', y' in the magnetic translations to these values. 
Since 

t ( - y \y')( Px -eBy)[t ( -y\y')Y = p x - eBy (3.16) 

for any y', the Hamiltonian ( p.l|) is invariant under all the magnetic translations t^ x \- ■ •) 
and f( y \- ■ ■). Consider wavefunctions 

+oo 

V) = L- 1 ' 2 £ e« k+eK K n , k (y - ILy) (3.17) 
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for k = 2nm/L x with m = -M/2 + 1, . . . , M/2 - 1, M/2, and with K = L y /£%. These 
wavefunctions are the eigenvectors of the Hamiltonian ( |3.1|) satisfying the periodic bound- 
ary conditions (p.9[), because L x L y = 2nM£ 2 B with the integer M. The eigenvalues of $ lk 
are given by (|3.7|) . 

We define a reflection operator R as 

Rf(x,y) = f(-x,-y) (3.18) 

for a function on R 2 . One can easily get the following lemma: 



Lemma 3.1 The vector (f^ k of (\3.17 ) is an eigenvector of the magnetic translation 
&\Ax), i.e., 



t {x \^)€.u = e-^ x €. k = e-^ mlM €, k ™th k = ^, (3.19) 



and the magnetic translation t^ y \Ay) shifts the wavenumber k of the vector (p^ k by one 
unit 2n/L x as 

^)(Ay)< fe = < fc , with k' = k + ^ = k + ^. (3.20) 

Further, 

R€,k = (-!)"<-*■ (3-21) 
As usual we denote by L 2 (S) the set of functions / on the rectangular box S such that 

/ dxdy \f(x,y)\ 2 = f Lx/2 dx f Ly/2 dy \f(x,y)\ 2 < oo. (3.22) 

JS J-L x /2 J-Ly/2 

Further we define the associate inner product (/, g) as 

(f,g)= I dxdy [f(x,y)]*g(x,y) (3.23) 

w S 

for f,geL 2 (S). 

Lemma 3.2 Let f,g be functions on R 2 such that f, g E L 2 (S), and that f,g satisfy the 
boundary conditions (\3.Q) . Then 



cL x /2 pLy/2+yo 

(f,g)= I dx dy[f(x,y)]*g(x,y) (3.24) 

-L x /2 J-L y /2+yo 



for any y E R. 



Proof: By the periodic boundary condition f(x,y) = t^ x \L x )f(x,y), the function / can 
be expanded in Fourier series as 

f(x,y) = L- 1 / 2 Y,e lkx fXk,y). (3.25) 

k 
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Further, since 



f(x,y) = tW(L y )f(x,y) = L^ 1 ^ 2 ^ e^ k+K ^ x f(k, y — L y ) 

k 

= L-^Y^e^Hk-^y-Ly), 



(3.26) 



one has 

f(k,y) = f(k-K,y-L y ). 
Using this relation repeatedly, the function / of ( |3.25| ) can be rewritten as 



fa, y)= E K xl2 E ****** i% y - 

{k=2nn/L x \-M/2+l<n<M/2} £=-oo 

By the help of this expression, one has 

/L x /2 fLy/2 
dx / dy [f(x,y)]*g(x,y) 
-L x /2 J-Ly/2 

E E / d y [f(k,y-£L y )] g(k,y-£L y ) 

{k=2irn/L x \-M/2+l<n<M/2} i=-oo L f/ 2 



(3.27) 



(3.28) 



E 



{k=2nn/ L x \-M/2+l<n<M /2 } 



{k=2Trn/L x \-M/2+l<n<M/2} £=-oo " ~ L y/ 2 +V0 



E 

M/2 

L x /2 rLy/2+yo 

dx / dy lf(x,y)]* g(x,y). 

-La/2 J-Ly/2+y 



dy f(k,y) g{k,y) 

oo J 
+2^ f Ly/2+y 

E / . ^ f{k,y-£L y ) g(k,y-£L y ) 



(3.29) 



Let us see that the set of the eigenvectors {<^ fc } of ( |3.17| ) forms an orthonormal 
complete system. From (|3.29| ) in Lemma |3.2| , one has 



p ^ p 

n'k'i 9n,k 



dy v*',k(y) v n,k(y)h,k' = Sn^w- (3.30) 

Here 5k k' is the Kronecker delta. To show the completeness, consider a function / satisfying 



the boundary conditions (3~§). In the same way, 

. r+oo 

= / dy v* k (y)f(k,y). 



(3.31) 



This implies that the function / must be zero if the inner product (0^, fj is vanishing 
for all the vectors <p^ k . 
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3.2 The Landau Hamiltonian in an electric field 



Next we consider a single electron in magnetic and electric fields in the rectangular box 
S = [— L x /2, L x /2] x [—Ly/2, Ly/2]. The Hamiltonian is given by 

H = i [p + eA(r)]2 + eFyPhnik ~ ir (U) 2 ' (3 - 32) 

We take the vector potential as 

eA(r) = {-eBy + A , 0, 0) (3.33) 

which gives the constant magnetic field B = (0, 0, B) perpendicular to the x-y plane. 
We also applied the constant electric field F = (0, F, 0) oriented along the y axis. We 
have introduced the projection operator Pbuik so that the electrons near the boundaries 
y = ±L y /2 do not feel the infinitely strong electric field at the boundaries. The precise 
definition of Pbuik is given as follows: We define a projection operator P(k) onto the Fourier 
component with a wavenumber k for a function / G L 2 (S) as 

P(k)f(x,y) = L- 1 / 2 e ikx fXk,y) (3.34) 

with the Fourier coefficient 

fL x /2 
-L x /2 

For an interval I we define a projection operator as 



f(k, y) = L- 1 ' 2 [ Lx/2 dx e~^f(x, y). (3.35) 



P(J):= £ P(k) (3.36) 



with 



hk 1 

n G Z and — — El?. (3.37) 



eB 

Pbuik := P(-^buik) (3.38) 



We define Pbuik as 
with the interval 

+oo 

4ui k := (J [-L y /2 + S + nL y ,L y /2-S + nL y ] (3.39) 

n=— oo 

with a positive number 5. We choose 5 satisfying S/L y — ■> as L y — > +oo so that the effect 
of the projection (1 — Pbuik) at the boundaries is negligible^ in the thermodynamic limit 
L y — ► +oo. Here we stress that the operator ePyPbuik in the Hamiltonian TC of ( |3.32|) is 
self-adjoint because y and Pbuik commute with each other from their definitions. 

Next let us show the locality of (1 — Pbuik)- Namely the operator is vanishing on the 
bulk region which is at a distance from the boundaries. Therefore the electric field is 
constant on the bulk region. 

11 Unfortunately we cannot prove this claim. 
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Let & N > be an N electrons wavefunction satisfying 



(3.40) 



where the positive constant £ is independent of the linear dimensions L x , L y and of the 
number N of electrons, and H£q is the Hamiltonian of (|2.1|) with A = and F = 0. 
Then we have the following bound: 



< 



2(S + \\V U 



JL 
5 



> (iV) ,Xbui k (%)(l-Pbui kj )$ (JV) 
where Xbuik is a characteristic function given by 
Xbuik(y) := 

Since we can choose 5 — > oo as L y — > oo, this bound clearly implies the locality of 
(1 — Pbuikj)- Let us prove the bound. Note that 



1, for y G [-L y /2 + 25, L y /2 - 25}; 
0, otherwise. 



(3.41) 



(3.42) 



(eB5) 2 Xhu\k(yj)(l - FbuSkj) < Xbuik(%)(l - PbaSkj)iPx,j - eByj) 2 (3.43) 
from the definitions. Using this inequality and the assumption (|3.40j ), we have 

(eB5) 2 (& N \ Xbuik(%)(l " JW* ( *°) 

< ($ (JV) , Xbuik(%)(l - IU,. J )[I>, J - eBy 3 ) 2 ^) 

< (& N \(p xJ -eB yj ) 2 <S>W) 

< 2m e (1 ($W + < 2m e + ||K,||) , (3.44) 

where we have used the positivity of the electron-electron interaction for getting the 
third inequality. This is nothing but the desired bound ( ft.41j) . 

For the convenience of the following calculations, we choose Aq = m e F/B. Then the 
Hamiltonian 7i of ( |3.32| ) becomes 



n 



1 

2m e 


(Px 


1 


(Px 


2m e 


1 


(Px 


2m e 



(p x - eBy + A ) 2 +p 2 + eFyP hnlk - - 



B) 



(p x - eBy) 2 + p 2 + —[2A (p x - eBy) + A 2 } + eFyP hulk - ( - 



2m. 



(p x - eBy) 2 + pi] + — p x P hu \ k + — (p x - eBy) (1 - P bulk ) 
B 1 - 



and the velocity operator v x is given by 



B 



m e v x =p x - eBy 



m e F 
B ' 



(3.45) 



(3.46) 



In the following we will treat the second and the third terms in the last line of ( |3.45| ) as a 
perturbation. 
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4 The relation between the present "electric poten- 
tial" and the standard time-dependent vector po- 
tential 

In the same setting as in Section we introduce the standard time-dependent vector 
potential A(i) instead of the regularized electric potential so that the vector potential 
yields the constant electric field on the whole torus. Since the electric potential gives the 
constant electric field except for the neighborhood of the boundaries as we have seen in 



Section |372| , we can expect that these two different potentials yield the same transport 
properties in the large volume limit. In this section, we shall discuss this issue. 
The time- dependent Schrodinger equation with the vector potential is given by 

i%^ N \t) = Hi N \t)^ N \t) (4.1) 

with the time-dependent Hamiltonian 
N 1 

j=l e 

with the vector potential A(t) = (0, A(t),0) with 

A(t) = -Fte vt for - oo < t < 0, (4.3) 

and with the potentials 

N 

UWfa . . . , r N ) = J2 Vuh) + £ t/ (2) (r, - r,). (4.4) 

3=1 i<3 

Here r\ is a small positive parameter switching the corresponding electric field adiabatically. 

In order to show the equivalence between the two systems, we introduce a unitary 
transformation $W(t) = G^ N \t)^ {N \t) with 



G {N \t) 



exp 



i N 

" * E eyj p bu\k,jXhu\k(yj)A(t) 

l} .7 = 1 



(4.5) 



where we have introduced the function Xbuik so that the wavefunctions satisfy the periodic 
boundary conditions. We take the function Xbuik to be an infinitely different iable function 
satisfying 

„ , , / 1, for y e [-L v /2 + 25/3, L y /2 - 25/3]; . . 

Xhulk[V) ~\0, for ye [-L y /2, -L y /2 + 5/3] U [L y /2 - 5/3, L y /2}. ^ } 

Namely it is equal to the identity on the bulk region and vanishing near the boundaries. 
The effect of Xtmik to the conductance is negligible for the large volume^ by the locality 

of -Pbulk- 



12 One can prove the statement by using the method in the present paper, although we do not give the 
proof here. 
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Note that 



and 



a N 
ih-GW(t) = -Y, ey 3 F(l + r / t)e" t P bulkj Xbuik(%) 

01 j=l 



(4.7) 



(4- 



Since rj is an infinitesimally small parameter, the right-hand side leads to the regularized 
electric potential of the present paper. We also have 



d 



= p yJ + eA(t) [1 - P b uikjXbuik(%-)] - eA(t)%P bu i kji — Xbuik(yj)- ( 4 -9) 

The second and third terms in the right-hand side are vanishing in the large volume limit 
for getting the conductance. This statement can be proved in the same way as in the 
present paper. From these observations, we obtain 



ih^ N) (t) = [H<P + AUW (n r^; t)] *™ (t) 



(4.10) 

with the Hamiltonian of (|2.1| ) and 

A^)(r 1; ...,r N ;t)= [GW(t)]*uW(r h r„)G™{t) -U^(r h ..., r N ). (4.11) 

Here we have dropped some terms which do not contribute to the conductance in the large 
volume limit. If we can drop the potential AU^(tx, . . . , r^; t), then we get the desired 
result, i.e., the unitary equivalence between the two systems with the different potentials 
in the large volume limit. Unfortunately we can not dropp the potential. But we can 
expect that the contribution to conductance is of order of S/L y which is vanishing in the 
limit L y — > oo. 

Let us estimate the correction from AU^ N '(ri, . . . , r^; t) to the conductance. Note that 
the unitary operator G^ (t) can be rewritten as 



exp 



N 



11 j=l 



^cdge(^) 



with 



Gi2 e (t)=exp 



N 



h 



^2eyjA(t)(l - P b uik,j)Xbuik(%- 



3=1 



Using this, we have 



G (N \t)] * U™(r u . . . , r N ) G W(t) = * U^(r u . . . , r„)G^ e (t). 



Immediately, we get 
fa, ...,r N 



AE^(n, ...,r N ;t) = \G^ht)T UL N) (n, • • • , r N )G™(t) ~ tfWfa, . . . , v N ) 



(4.12) 



(4.13) 



(4.14) 



(4.15) 
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This implies, owing to the definition of G cd ^ c (t) and the locality of Pbuik, that, if the 
potential U^ N \ri, . . . , r N ) is vanishing near the boundaries, then AU^ N \ri, . . . , r N ; t) is 
almost vanishing on the whole torus. In fact, if we take the potential 

N 

^(ri, ...,r N ) = J2 ftuikjK^OPbuikj+E Pbuik^buikjC/^Hri-r^Pbuik^buik,,- (4.16) 

j=l i<j 

instead of ( |4.4j ), then the potential difference AU^(ri, . . . , tn; t) is exactly equal to zero. 
Thus AU( n \ti, . . . , tat; t) is vanishing on the bulk region, and the correction to the con- 
ductance is expected to be of order of 5/L y . Unfortunately we could not estimate the 
correction in a mathematically rigorous sense. 



5 Proofs of the main theorems 

In this section, we calculate the conductivities which are derived as the linear response 
coefficients for the weak electric field. For this purpose, we use the Rayleigh-Schrodinger 
perturbation theories. Our goal is to give proofs of our main Theorems |2.1| and |2l|. Namely 
we show that the conductivities (conductance) so obtained satisfy the bounds in the theo- 
rems. For the convenience of readers, in Appendices 0-|H| we give technical estimates and 
calculations of matrix elements appeared in our representation of the conductivities. 
By choosing A = m e F/B as in (|3.45|) in Section |3.2| , the N electrons Hamiltonian 
of (|2.1|) which we mainly treat in this paper can be rewritten as 

HW = H$l+\mW (5.1) 

with 

N r 1 1 i 

H Z ] = E (P*J - zBVi? + a^Pjj + V u {Tj) + C/ (JV) (ri, ...,v N ) (5.2) 



and 

N 

H {N) = E [P^ p bniKj + {P x ,j - eB Vj ) (1 - P bulk>i )] • (5.3) 
i=i 

Here A = F/B is a real parameter, is written in a sum of two-body interactions as 
U^ N \r 1 ,...,r N )= £ u^ixi-x^yi-yi), (5.4) 

l<i<j<N 

and we have dropped the constant term. 

We treat HW perturbation, and apply the Rayleigh-Schrodinger perturbation 
theory to the eigenvalue problem of the Hamiltonian of ( |5.1|) for getting a "ground 
state" eigenvector of H^ N >. 
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5.1 The Hall and diagonal conductivities 
5.1.1 Non-degenerate ground state 

Consider first the case when the ground state of the unperturbed Hamiltonian i/^ o 
is non-degenerate. Let $^ o be the corresponding normalized ground state eigenvector of 
the full Hamiltonian H^ N \ Since the electric field F is assumed to be sufficiently weak, 
the ground state eigenvector is unique. Then the current density averaged over the 
random potentials at zero temperature is given by 



3s = -tV E - [(Co - «tot,.^2o >1 for s = x,y, (5.5) 



e 

where the velocity operator v to t,s for the N electrons is given by 

n F 1 N 

Vtot, x ■= V *J = N ~5 + J2 (Paj _ e5 %) ' ( 5 - 6 ) 

j=l e J= i 



and 



1 " 



Utot, v := — Y,Py,r ( 5 - 7 ) 
We rewrite the current density j = (j x ,j y ) as 



e J= i 



e 2 



- — uF + Aj x fors = x; ^ 
Aj y for s = y 



with 

AT 



Aj s := — £ E w «o J , , (5.9) 

n^eJ^xJ^y j = i 

where 

7r • = ( Px ' _ eBy f ° r S = X ' (5 10) 

s ' I for s = y, 

and z/ is the filling factor for the Landau level. Namely iV = vM with the number 
M = eBL x L y /h which is equal to the number of states in a single Landau level of the 
non-interacting Landau Hamiltonian with no disorder. 

From the standard formula of the perturbation theory, the ground state eigenvector 
of is expanded as 



= «£g + a s j>s> \ / + o(a 2 ) (5.ii) 



in powers of A. Here are the orthonormal eigenvectors of the unperturbed Hamiltonian 
Hffo with the energy eigenvalues E^^. For the detail, see Appendix [A.l| . Using this 
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expansion ( |5.11| ), we have 



N 



N 



3=1 



u,0 



N 



^,0 — fi wi 



0(A 2 ), 
(5.12) 



where Re stands for a real part. By Lemma B.6j in Appendix [B|, the average of the first 
sum is vanishing as 

N 
3=1 



$ {N 1 71 



0. 



Substituting (" |5 . 1 2|) and (|5.13|) into the right-hand side of (|5.9|) , we have 

Aj s = Aj« + o ((F/Bf 

with 



Aj« := ~vF ReE w [M 4 



where 



N 



m e iV . . 



A<;,0 _ U LU,0 



(AT) v w,0 / • 



Here is the orthogonal projection onto the ground state 3>£q. From 

flSJjj ) and (|5.15|) , the Hall and diagonal conductivities can be written as 



and 



respectively. 



jx e 2 2e 2 

a xy := lim — = — -v — z/ReE w [M 3 

y f^o F h h 



j 2e 2 

a yy := J^o ^ = — ^-^E- [M v ] , 



(5.13) 



(5.14) 

(5.15) 

(5.16) 
i"9D 



(5.17) 



(5.18) 



5.1.2 Degenerate "ground state" 

Next consider the case when the "ground state" of the Hamiltonian H^q is g-fold degen- 
erate. Let $^(o /i) De ^ ne "ground state" eigenvectors with the energy eigenvalue E^l-, 

for /i = 1,2,..., q. We take |$^' 0/1 )| to be an orthonormal system. In this case, the 
current desity is given by 



L X L % 



-E„ 



I V /<I (7V) v <l (iV) 
9 m=i 



(5.19) 
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where ^f^) are the corresponding normalized ground state eigenvectors of the Hamil- 

tonian H^ N \ with the corresponding energy eigenvalues E^9 Q y Similarly to the non- 
degenerate case, the corrections for the current density j are given by 



T^eLxLy 



-E„ 



1 V /$ {N) Vtt -$ {N) 

2^ \ ^,(0,m)' 2^ ^J^^O.m) 



Q 



3=1 



(5.20) 



The "ground state" eigenvectors $£f/p ^ are expanded as 



(TV) 



(JV,0) 



U3,(0,n) w,(0,/x) 



(jV) 



^o),(0,m) ^ 



(AT) 5 v w,(0,ai)/ ^ 



(5.21) 



by using the degenerate perturbation theory. Here $^'o ^ are orthonormal vectors which 

span the sector spanned by the "ground states" eigenvectors $ffl ^ of the unperturbed 

Hamiltonian H^ N q . For the detail of the degenerate perturbation theory, see Appendix |A.2| . 
Using this expansion, we have 



/ N 

l> (iV) Vtt 4 {N) 

\ j=l 

I N 



<(o,;),E^^X) +2ARe 
i=i / 

+0(A 2 ). 



w,(0,m)' 



(TV) 



(AT)' 



w,(0,m) 



(5.22) 



Here G^f^ is the orthogonal projection onto the sector of the degenerate "ground state" 
whose space is spanned by the q energy eigenvectors $^ 0(i j, /J, — 1,2, . . . , q. Substituting 
( ggg ) into (|O0| ), we obtain 



f^eLxLy 



-E„ 



g 



aj,(0,At) 



2eA 



Tn e L x L % 



-ReE„ 



1 g / /v 
Z^ \ ^,(0,^)' Z^ " s j i 

M=l \ 3=1 



m eL x L y 



-E, 



i=i 

N 

Z^ \ v w,(0,u)' Zv 



2eA 



m eL x L y 



-ReE„ 



g M=1 
g^i 
g^j 



•w,(0,At) 



j,(0,/i) - t - t u;,0 



N 



Z^ \ *w,(0,At)' Zv hs <3 ^(N) 



1 - G w 



(TV) IJ ^,(0,m) 



0(A 2 



+ 0(A 2 ). 
(5.23) 



Since the first term in the right-hand side of the second equality is vanishing owing to 

Aj s = AjP + 0(F 2 ) (5.24) 



Lemma IB. 61, we obatin 
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with 



and 



M s :~- 



1 1 9 / N 
1 1 ^ / (JV) 



m e N q ^ 



1 - G« 



7T 



•J ^(JV) 



M =1 \ i =1 ^a),(0,At) JJ w,0 

In consequence, we have the expressions of the conductivities as 

e 2 2e 2 



(JV) iJ ^,(0,At) 



cr™, := iim — 

^ F^O F 



—v — z/ReE^ [Al a 



and 



7 2e 2 

a,,,, :-= lim = —uReE^ [M t 

o F h 



(5.25) 
(5.26) 



(5.27) 



(5.28) 



with the above M s . These have the same forms as Q5.17Q and ( |5.18|) in the non-degenerate 
case. 



5.2 Estimate of E W [.MJ 



From the expressions of the conductivities ( gl7|) , (|5l8D , Cl5T27f) and O), we want to 
estimate E^[.M S ], in order to prove Theorems |2.1| and [2.2| . In the following, we treat only 
the non-degenerate case because one can treat the degenerate case in the same way. 
We define two projection operators P in and P out as 



P in :=P(/ in ), and P out := P{I, 



out) 



with the intervals 



J in = [-Ly/2 + 5, L y /2 - 5], and I out = 4uikVin- 



(5.29) 



(5.30) 



Clearly we have P DU ik = P n + Pout from the definition (|3.38|) of Pbuik with (|3.39|) . We write 
Ms of ( CT ) as 

M s = M sM + M s ,out + M 



where 



JV JV 



M: 



EE(<? 

%=1 j=l 



,m ■- 



11 - G ™] p. p .*<~>\ 



s,out 



1 ^ ^ / (JV) _ [1 - G™] (JV) 



EE C'. 



i=i j=i 



Pout,iPx,i& 



uj,0 / ) 



(5.31) 
(5.32) 
(5.33) 



and 

Al Sj edge 



rripN 



JV v 

EE( $ 

i=l j=l 



7T 



w.Oj^J (JV) 



^buik^^-eP^)^). (5.34) 



Let us sketch the idea of the proofs of Theorems |2.1| and |2.2j . Since one can expect 
that the contributions of -M s>0 ut and Al s ,edge become small for a large volume, we explain 
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the idea only for A4 S) - m . Consider the random average of the matrix element in ( |5.32| ). It 
is written as 



°> n '>> E (.N) 



P . v 



u;,0 JJ u,0 

[1 _ G (N)] 



w,0 J (A T) 



'1^,0 



(TV) 



(TV) 
oj,0 



w,0 



(5.35) 



by using the projection operator P(k) onto the Fourier component with the wavenumber 
k. We introduce a transformation consisting of a reflection and a magnetic translation as 



y ^2y k -y 



(5.36) 



with y k = hk/(eB). In particular, y = y k is the fixed point for the second part of the 
transformation. This yields that the wavenumber k also is the fixed point in the space of 
the wavenumbers. Using the transformation, we have 



hkE, 



-hkE u 



U1,0 > "s,3 (jy) 



(JV)' 



u;,0 1a lu,0 
[1 _ G W] 



) n s,j r N \ 



tt(N) 



(JV) 



(corrections from the boundaries y = ±L y /2) 



(5.37) 



for the summand with k in the right-hand side of Q5.35 ). From these observations, we con- 
clude that the contributions of E, [A4 S) i n ] for the conductivities are small if the corrections 
from the boundaries give small contributions for a large volume. In fact, the corrections 
are small as we will show in Appendix |C[ 



In order to give the proofs of Theorems ^J] and |2.2| , let us summarize the results of the 
estimates for E w [A4 s ,in] , E w [At S)OU t] and E^ [A( Si edge]- For the details of the calculations, 
see the corresponding Appendices. 

5.2.1 Non-interacting case 

Consider first the non- interacting case = 0. We obtain the following estimates: 



from (|C.41|) in Appendix |C.l 



from ( D.13 ) in Appendix [L).l| , and 



IE, [M 



s, edge] I — ^edge,0 



(5.38) 



(5.39) 



(5.40) 
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from ( |K.3j ) in Appendix [E]. Here Cj ni o, Cout o> ^out o an d ^edge,o are positive constants which 
are independent of L x ,L y . By choosing 



5 = £ f 



L \ 2/5 



(5.41) 



we get 



B 



3/5 



|E„ [Ms]\ < |E W [A4 S)in ]| + |E W [A4 s , out ]| + |E W [A^, cdgc ]| < C I 



(5.42) 



with a positive constant C . Combining this bound, ( p,17[ ) and ( |5.18| ), we obtain 



Oxy + -TV 



< r — 

\ Li,, 



3/5 



3/5 



(5.43) 



where C con0 is a positive constant. 



5.2.2 Interacting case 

Next consider the interacting case ^ 0. We take large L x , L y so that N > A^" min , and 
assume that the single-body potential V w is two times continuously differentiate on R 2 , 
i.e., K, G C 2 (R 2 ), and satisfies the bound (|2.31|) . Here N min is a positive number given by 
( |F.16| ) in Appendix F[2. Then we obtain the following estimates: 



IE, [M 

from Proposition |C.8| in Appendix |C2 



L r \ 5 / 6 /L„\ 11/6 UbV 



■B 



mil <Cta 1^1 



|E W [M t 



t . 5/6 , j . 11/6 



'B 



from Proposition [13. 1| in Appendix p.2|, and 



(5.44) 



(5.45) 



|E W [A^s^dge]] ^ C e( jg e 



(5.46) 



from (|E.3| ) in Appendix [E[ Here C in ,C out and C e d g e are positive constants which are inde- 
pendent of L x ,L y . We choose 



r . 5/24 s T \ 17/24 



'B 



(5.47) 



Then we get 



t j v 5/24 / « \ 7/24 

|E W [A4 S ]| < |E W [A4 S)in ]| + |E W [A4 s , out ]| + |E W [At s , C d g c]| < C (j?-) f -^J (5.48) 
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with a positive constant C. In particular, we have 



Eu[M a ]\ <C[^\ and 5 = £ B [j^) for L x — L y — L. (5.49) 



1/12 



L 



L 11/12 



Combining these bounds, (|5.17|) and (|5.18|) , we obtain 

„2 



and 



e 2 



h 



<C con (-j , M<C col ^-j (^-j , (5.50) 



< C C on ( J > < C con fy- j ioxL x = L y = L. (5.51) 



Here C con is a positive constant. 

A The Rayleigh-Schrodinger perturbation theories 

In this appendix, we apply the Rayleigh-Schrodinger perturbation theories to the non- 
degenerate and degenerate "ground states" of the present quantum Hall Hamiltonian H^ N > 
of (|5.1| ). Since there is an excitation gap above the "ground state(s)", this perturbative 
treatment is justified mathematically in the sense of an asymptotic expansion with respect 
to a sufficiently weak electric field.0 
Recall the Hamiltonian 

HW = HW + \m* (A.l) 
where A is a sufficiently small real parameter. The Schrodinger equation is 

Hi**™ = EM*™ (A.2) 

with an energy eigenvalue Efj) . In order to obtain a ground state eigenvector $ and the 
eigenvalue in powers of A, we treat the Hamiltonian H( N ' in (|A.l) as a perturbation. 



A.l Non-degenerate case 

Consider first the case when the ground state $^ of the unperturbed Hamiltonian 



l uj,0 



is non-degenerate. As usual we expand the eigenvector °f t ne ground state of 
in powers of A as 

€^ ) = C ) + AE^S ) + --- (A.3) 

in terms of the eigenvectors $^ of the unperturbed Hamiltonian H^q , and expand the 
corresponding eigenvalue E^q in powers of A as 

E^ = E^ + XE^ + .... (A.4) 



13 



See ref. |2q| for the mathematically rigorous perturbation theories. 
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Here E^q is the energy eigenvalue for the ground state eigenvector of . Substi- 
tuting these expansions and ( A.l ) into the Schrodinger equation (|A.2|) , one has 



Aj,0 + AJ ^w,0 



Immediately, 



in the zero-th order of A, and 



^0 ^0 



(A.5) 

(A.6) 
(A.7) 



in the first order of A. Taking the inner product with $^ ^ (£ 0) in both sides of ( |A.7| ), 
one has 



Here we have taken {$^} to be the orthonormal complete system. As a result, the 
coefficient ag is 

*t= -^n 1 (CU^V (A-9) 



Substituting this into (|A.3|) , one has 



1 



(A.10) 



A. 2 Degenerate case 

In order to treat the "degenerate ground state" , we first rewrite the Hamiltonian of 
O as 

iff) = #W + XGMhWgVO + (A.ll) 

with 

H™ : = GjpH^(l - G«) + (1 - GWjF^GW + (1 - GW)P(1 - Gjp), (A.12) 

where Gjjf' is the orthogonal projection onto the sector spanned by the "ground state" 
eigenvectors ^ of H^ . In the present case, we formally treat the Hamiltonian 



as a perturbation, although the second term in the right-hand side of ([A. 11 ) is still a 



small perturbation. Let be the g eigenvectors of the "unperturbed" Hamiltonian 

H^q + XG^ H^GjW, and let i&b°L be the corresponding energy eigenvalues. We take 
{^L^O/j)} ^° De an orthonormal system. Clearly 



(A.13) 
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where E^l n are the "ground state" energy eigenvalues of the Hamiltonian H^q. In the 



,(o,m) 

same way as in the preceding Section |A.1| , the "ground state" eigenvector $ffl Q \ of 



is expanded as 



*X> = <& + *5>»£? + -" (A.14) 

1^0 



and expand the corresponding energy eigenvalue E^l s as 
Substituting these into the Schrodinger equation, one has 

*w,(0,/*) + #u,0 2^ a **w,* - A*,(0, M ) a *®w,l + *a,,(0,/*)> l A ' 16 ) 

where we have used ( |A.13| ). Taking the inner product with $^ with £ ^ in both sides, 
one gets 



Substituting this into (|A.14|) , one has 



= + (W fW *SU W *!X, + • ■ ■ ■ (A.i8) 

B Matrix elements of the quantum Hall systems with 
disorder 

In this appendix, we study the properties of some matrix elements ( |5.16| ) appeared in the 
expressions Q5.171 ), ( |5.1S| ) of the conductivities. 

B.l The single electron Landau Hamiltonian with disorder 

Consider first the single electron Landau Hamiltonian 

1 



2m P 



( Px -eB y y+p 2 y +V u (x,y) (B.l) 



with the periodic boundary conditions (313). The single-electron potential with disorder 



satisfies the periodic boundary conditions Q2.4Q and the condition ( |2.5|) of boundedness. 

Lemma B.l Let ip^ be an eigenvector of the Hamiltonian H.^ of ( \B.J\) . Then the translate 
t^ v '(yk)tf>u is an eigenvector of the Hamiltonian 7i w / with the potential V u > given by 

V u ,{x,y)=V ul {x,y-y k ). (B.2) 

Here y k = hk/(eB) with k = 2ixn/L x , (n G Z). 
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Proof: From the assumption 7i w <p w = £^ LOl we have 

£j y) {y k )<p u = (y k )H^ = (y k )H u [t {y) (y k )} ~* {y k ) Vuj = H^ y) {y k )<p u . 

(B.3) 

■ 

In the same way, we have 



Lemma B.2 Let tp Ui i be an eigenvector of the Hamiltonian 7i u of ( \B. 1\ ) with the eige 



value £ Ui £. Let (p u > t £ = t^ y '(2y )R(p ul! i, where R is the reflection operator defined in (\3.18j) . 
Then (fu',£ is an eigenvector of the Hamiltonian Ji^i with the random potential V w i given 
by 

V u ,{x,y) = V ul {-x,2y -y). (B.4) 

Here yo = hk /(eB) with k = 2im /L x , (n G Z). The corresponding eigenvalue 8 U ',t is 
equal to £^,1- Further the system {jPu',e} is an orthogonal complete system if the original 
system {(fu/} of the eigenvectors is an orthogonal complete system. 

Since n s is invariant under the magnetic translations t^(---) and (•••), one can 
easily obtain the following lemma: 

Lemma B.3 Let be a random potential, and let V w / be the random potential given by 
( \B.4\ ). Let (p u> £ be the eigenvectors of the Hamiltonian and let = t^{2y Q )R<p u ^. 



Then the following relation is valid: 

{<Pu,e, KsVu,i>) = - {<Pu'ji n s <Pu>,e') ■ (B.5) 
Let <pu,e be an eigenvector of the Hamiltonian TCu>- We expand <pu,i in Fourier series as 

<p u4 (x, y) = L- 1 / 2 £ e ikx ^,t(k, y). (B.6) 

k 

Since the vector satisfies the periodic boundary condition ip u ^{x, y) = t y {L y )ip u ^{x, y), 
we have 

as in Q3.27| ) in the proof of Lemma |3.2| . We define a projection operator as 

P(k) :=J2P(k + £K), (B.8) 
eez 



where P(k) is given in (|3.34 ) 



Lemma B.4 Let be a random potential, and let be the translate given by 

V ul ,(x,y) = V U) {x,y-y ), (B.9) 
where eBy = hk = 2Trhn /L x with an integer uq. Then 

(</V,m, P(A:)7r s </V,n) = (fu>,m, P(k ~ k )TT s ip w ^ . (B.IO) 
Here (p u>n is an eigenvector of the Hamiltonian TCu, and (p U ' >n = t^ y ' (yo)(p u ,n which is the 



corresponding eigenvector ofH^ 1 as we showed in Lemma B.l 
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Proof: Since the vector P(/c)7r s </v jra satisfies the periodic boundary conditions ( |3.9|) , one 
has 



\^Pu),m: 


t iy \y ) 




'f"Hvo\ 



-1 ~ 



-1 ~ 



Therefore it is sufficinet to show 



tM(y ) ~ 1 p(k)t(y\y ) = P(k-k ). 



Let / be a function on R 2 such that it has a Fourier expansion 



f(x,y) = Y,e tk ' x f(k',y). 



(B.ll) 



(B.12) 



(B.13) 



Then 



(y )} 1 P(k)t^ (y )f(x, y) = (y j\ ~* P(k) £ e^ k ' +k ^f(k', y - y ) 



-l ~ 



k> 



[t (y) M] _1 E e l{k+eK) Hk -k + £K,y- y ) 



E 



J(k-k +£K) 



f(k-k Q + £K,y) 



P(k-k )f{x,y). 



(B.14) 



B.2 The N electrons Landau Hamiltonian with disorder 

We define the magnetic translation operators for N electrons as 



N 



and 



iV 



T^y\y>) : (g) // (//'). 

i=i 

Further we define the reflection operator for N electrons as 



N 



j'=i 



(B.15) 



(B.16) 



(B.17) 



In the same way as in Section [B.l|, we have the following two lemmas: 
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Lemma B.5 Let be an eigenvector of the Hamiltoian H^q of (\5.2j with a ramdom 
potential V w , and let E^' be the corresponding energy eigenvalue. Let be the reflection 
of the random potentail with respect to the axes x = and y = yo, i.e., 

V U] ,(x,y) = V ul (-x,2y -y), (B.18) 



whereyo = hk /(eB) withk Q = 2nn /L x , (n G Z). Set = T^' v \2y )R^jP . Th 
E { J ] is equal to f?W 



en 

$^ zs an eigenvector of H^' Q with the random potential , and the energy eigenvalue 



Lemma B.6 Let be a ramdom potential, and let V w / be the reflection given by 

V u ,(x,y) = V a> (-x,2y -y). (B.19) 



Here yo is the same as in Lemma B.5 . Let $^ be eigenvectors of the Hamiltonian . 
Then 

where the vector <&^?\ = T^^^y^R^^Q^" 1 which are the eigenvectors of the Hamiltonian 
H^jq with the random potential as we showed in the preceding Lemma B.5 . 



Lemma B.7 Let be a random potential, and let V u i be the translate given by 

V u/ (x 1 y) = V u (x,y-y ) 1 (B.21) 
where eBy Q = hko = 27ihno/L x with an integer n . Then the following equalities are valid: 

•iJW2J> = <CU.*S) (B.22) 



and 

PAkWA"}') = «?> - ^Kj*£2) . (B.23) 

Here ore i/ie eigenvectors of the Hamiltonian H^ N q , and ^^P n = T^ N ' y \yo)^j^l which 
are the eigenvectors of with the random potential V w > ■ 

Proof: Since tt s j is invariant the magnetic translations, one can easily obtain ( |B.22j ). The 
relation ( B.23|) follows from the identity ( |B.12D in Lemma |B.4| ■ 
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C Estimate of E u \M 



-s,m 



In this appendix, we estimate the random average of Ai s ,ia of ( |5.32 ), which is given by 



N N 



EEe. 



m e N . . , 



1 - 



cj,0 



(CI) 



For this purpose, we first want to get the explicit forms of the "corrections from the 
boundaries" in ( p.37| ). 

To begin with, we note the following: Let $£ Ar - ) be an iV electrons eigenvector of the 
unperturbed Hamiltonian H^q of (|5.2|) . Clearly this vector can be expanded as 



®l N) = E ^,{^}Asym [<p Ujil ® (p Uita 



(C.2) 



in terms of the normalized eigenvectors {<p w ,e} of the single electron Hamiltonian Ti^ of 
( |B.1| ), where Asym[- • ■] stands for the antisymmetrization of a wavefunction, i.e., 



Asym [$] (n, r 2 , . . . , v N ) := -L= £(-l)^>$(r ff(1) , r CT 



(2), 



(C.3) 



for a function $ of (ri, r 2 , . . . , rjv). Here the sum runs over all the permutations a of 
(1, 2, . . . , N), and t{a) is the number of binary permutations in the permutation a. 



Lemma C.l The following relation is valid: 

i - a w 



E„ 



2E„ 



> "sj f (tv) 



L u),0 



P -n * (A ° 



i-c^ p (+) <w 

r in,i Px^u.Q 



W,0 5 "s,j j-,(iV) in >'' 
^,0 — a u,0 



where 



(+) 



(C.4) 
(C.5) 



un£/i i/ie interval J ; , 



E ^(*) 

fee^(4 +) ) 

4 +) = (0,V2-^]. 

Proof: Let be a random potential, and let K/ be the reflection of with respect to 
the a; and y axes, i.e., 

K/(z,y) = K,(-z,-y). (C.6) 

Let ip Win and are the normalized eigenvectors of the single electron Hamiltonian H, u 
of ( |B.1| ) with the random potentials and V u >, respectively. From Lemma [B.2j , we can 
take </V,n = R<fu,n- By using the Fourier expansion (|B.6|) for (p u>n , we have 

<P^,n{x,y) = RL- l/2 Y,z ikx ^,n{ k iy) 



k 



(C.7) 
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0u>, n {k, y) = 0u, n {-k, -y)- 



(C.J 



This implies 
Thereby we have 

(VW,m> P{k)Vu,',n) = {¥>u>,m, P{-k)iPu>,n) ■ (C.9) 

Let 3>£f2 be an eigenvector of the Hamiltonian H^q with the random potential V u , 
and let be an eigenvector of the Hamiltonian H^q with the random potential V w i 

of (|C.6|) . From Lemma Bj , we can take = RW$W- Combining this with the 

expansion ( |C.2| ) for the vector $^2, we have 



{<,■} 

with = Rcpuj. Using this expression, one can easily obtain 



(CIO) 



E 



(m) * (n) 



a L.«u (Asym 



W/J , -Pi(fc) Asym 



The matrix elements in the right-hand side are written as 



(C.ll) 



Asym [yv^ ® yv,fe ® • • ■ , <Pu',e N ] , Pi(k)Asym 



1 



if 



?' for all j = 1,2,..., AT; 



££{£!,.. .,e N } 

± (ipu'jj, p(k)ip ul ' j i' m s j if {4}f =1 \{^} = R}£Li\{0 ^d 4 ^ C; 



0. 



otherwise. 



(C.12) 



Combining (|C3D , ( |CTl| ) and ( |CTT^ ), we obtain 

= . (c.i3) 

From this and (|B.2U|) in Lemma BH, we obtain the desired result (C.4). ■ 



Lemma C.2 Let be a random potential, and let V w i be the reflection given by 

V^( Xl y) = V w (-x,2y k -y) (C.14) 

with yk > 0. Let (pu>.n be the normalized eigenvectors of the single electron Hamiltonian 
Ti w of (\B. lp with the potential V W! and let ip w i >n = t^ v '(2yk)R(p UJ;n which are the eigenvectors 
of H. w i with V w i from Lemma \B.Q . Then the following relation is valid: 

P{k)ipu>,i>) = {<Pu,,e, P{k)ip u jp) + ((p Uj t, XkP{k - K)(p Utt t) - {(p^e, XkP{k)^,e) , 

(C.15) 
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where K = L y /£ 2 B , and 

Proof: By using the Fourier expansion ( |B.6| ) for ^? w>n , we have 

^,n(x,y) = t^(2y k )L- 1 / 2 J2 e ' ik ' X ^n(k',-y) 

k> 

= L- 1 ' 2 £ e lk " x ^ n (2k - k", 2y k - y). (C.17) 

k" 

Thereby we get 

/Ly/2 
dy [(p wt (k,2y k - y)}* ip w/ >(k,2y k - y). (C.18) 
-Ly/2 

Further we can rewrite the right-hand side as 

rL y /2+2y k # 

dy [<Pu,t{k,y)\ <Pu,e>(k,y) 

-L y /2+2y k 

= {(p u j, P{k)(p u> l>) 

rL y /2+2y k _ _ ^ r-L y /2+2y k 

+ / dy [$ u j{k,y)\ u jt>(k,y) - / dy j/)] 0u>,£>(k,y) 

JLy/2 J-Ly/2 

l—L y /2+2y k _ + 

= {(Pu,i, Pifyipv,?) + / [^(fc - if,?/)] 0u, e'(k - K,y) 

J-Ly/2 

-L y /2+2y k 

dy [<Pu/k,v)\ 0u,i>{k,y) 

-Ly/2 

((p^i, P{k)ipu,i') + {(fu>,e, XkP(k - K)<p Uit >) - {ipu,e, x k P{k)Vuj,e') ■ (C.19) 



Here we have used (B.7|) for getting the third equality. 



Lemma C.3 Let be a ramdom potential, and let V u > be the reflection given by 

V UJ ,(x,y) = VU-x,2y k -y). (C.20) 

Here y k is the same as in the preceding Lemma \C. 4 Let be the eigenvectors of the 

Hamiltonian H^ N q with the random potential V^, and let ^^P n = T^ N,y ^ (2y k ) 3>£f2 which 

are the eigenvectors of the Hamiltonian H^\ with the random potential of (\C.2C ), 
we showed in Lemma \B.3j . Then the following relation is valid: 

(C.21) 



as 
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Proof: In the same way as in the proof of Lemma \C1\ , we have the expressions ( |C11| ) 
and (|C.12|) also for the random potential V u i of ( |C.20|) . Combining these with ( |C.15| ), we 
obtain the desired result ( |(J.21| ). ■ 

Using the above result ( |C.21| ) and Lemma |B.6| , we have 

| (JV)\ 1 U{N) p (+) $ (JV)\ 



2^ nK y^ufi ^s^ u ,t / „(N) „(N) 



fce^(4 +) ) 



(JV) 
oj,0 



(C.22) 



for £ 7^ 0. Taking the random average in both sides, we get 



2E„ 



E„ 



E, 



Aj,0 — -^W 



(JV) 
u,0 



fcG^(4 +) ) 



E ^(<o , ,^< 

fce^(4 +) ) 



< / p(JV) p (JV) 

|_fce^(4 +) ) ^,0 



(C.23) 



for £ ^ 0. From QCTTD , QCip and (|C^5|) , we have 

i JV JV 



E w LVL 



where 



and 



EEe. 

i=l j=l 
JV JV 

EEe. 



1 



p .(JV)' 
(JV) [1-gjf ] ..^W 



JV JV 

EEe. 



m e N f^i 



> "sj (JV) (JV) ^in,i^a;,i^cj,0 



fcG^(4 +) ) 



(+) 



E P(k-K)xk- 

fce^(4 +) ) 



(C.24) 
(C.25) 
(C.26) 
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Now we estimate E w [A^ S) i n ] by using the expression flC.24|) 



C.l Non- interacting case 



Consider first the non-interacting case, i.e., = 0. Then E w [A^m] of ( U.24j) can be 
written as 



EE. 



nipN v 

e n<N 



EE. 



e n<N 



*P> n (+) 



(C.27) 



in terms of the eigenvectors tp^,™, of the single electron Hamiltonian H, u of (|B.1|) , with the 
energy eigenvalues 8 u>n , n = 1,2,.... Here we have taken order £ Wjfn < E w ^ n for m < n, 
and V> is the projection onto the subspace spanned by all states above the Fermi level, 
i.e., all the vectors with n > N . Without loss of generality, we can assume V u > 0. 
Then we have S^^ > for all indices n. 

Let us estimate the matrix elements in the second sum in the right-hand side of (|C.27| ) . 
Using the Schwarz inequality we have 



V 



> n(+) 



Qin Px<fu 



< 



eBL„ 



where 



-K8<Pu>,r. 



(C.28) 
(C.29) 



Lemma C.4 

with the positive constant 

2 ^ 2 



l I fj forn< N 



C x :-- 



fib). 



(^o,> + ||K,||)(^o,> + ||K,||+4^ c 



Here £ ,> := mm m>N {S^m}. 
Proof: Note that 

E 



-L y /2+2y k 



dy (y - yfc) 4 l^w,n(*;,y)| : 



(C.30) 



(car 
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> 



-L y /2+2y k , L 

dy — -Vk) \<Pu,n{. k >V)\ 
■■-Ly/2 V 2 



—L y /2+2y k 



E 

> £ 4 E / ^ dy\^ n (k,y)\ 2 
keHi^) Lv/2 

= [(p u ,n, Qin <Pu>,n) ■ 



(C.32) 



Combining this with the bound ( |F.1|) in Appendix |F.1| , we get (|C.30|) . 



A similar bound for N)ff n , V^n) m ( P-28| ) can be obtained as follows: In the same 
way as in the proof of Lemma |C.4| , we have 

r -L v /2+2y h 

< E / . dy(y-y k ) 4 1><&(k,y) 



< 



(C.33) 



Note that 



7Y U 



-V, 



1 



7~tuj &w,n 



*Hu) — & 
< min 1 + 



m>N 



£ - £ 



_^J^ — v> < ^> v> 

£q,> — £u,n AE 



(C.34) 



for the indices n < N. Here AE is the lower bound for the energy gap given in fl2.26| ). 
Clearly AE < min n <jv{£ ,> — £^,n} which we have used for getting the last inequality in 
( g3g ). Using the bound fegg ), we have 



Similarly we obtain 



and 



(s) 



2 < 2wn e £u tn 



(aey 



(C.35) 

(C.36) 
(C.37) 



Substituting these bounds into (|C.33j ), we have 
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Lemma C.5 



{^%QiMi) < ( l 4\ for » < V. (C.3S) 



(AE) 2 \ S J 

From the bound ( |C.28|) and Lemmas |C.4j and |C.5| , we have 
Lemma C.6 



< 



V2ae x Jb It 



for n < N. 



In the same way, we have the following lemma: 
Lemma C.7 



— — Qt\p x + nK)ip u 



m e Jhu c £ 0:> L 
< — ^= Ci- 



J y [ C B 



V2AE £ B V 5 



Combining these Lemmas with ( |C.27|) , we obtain 



(C.39) 



/or n < N. 

(C.40) 

(C.41) 



C.2 Interacting case 

Next we estimate E w [.M S) i n ] of ( |C.24|) in the interacting case ^ 0. As a result we 
obtain the following proposition: 

Proposition C.8 Suppose that 6 C 2 (R 2 ) and satisfies the bound ( $.31\ ) in Theo- 
rem Then 

f J x 5/6 / j \ H/6 /» \ 3 

|E w [A4 s , in ]|<C in (^) (V) /oriV>iV min , (C.42) 



where N min is a positive number which is independent of the linear dimensions L x ,L y of 
the system, and C in is a positive constant which is independent of the linear dimensions 
L x ,L y of the system. 

The number N min is given explicitly in (F.16|) in Appendix F.2| . In the rest of this appendix, 
we assume V w G C 2 (R 2 ). 

Let A be a symmetric operator. Then one formally has 

*%,A[1-GM]A*W) = (A*™[1-G™]A*™) 

I tt(N) f (N) V 



for the ground state of the Hamiltonian H^ ' of (5.2). Using the techniques developed 



2AE x ' 

(TV) 



AE "' ufl 

(TV) 



A [H^,A] 



(C.43) 



in [27, 28 1 with this bound, we obtain the following lemma: 
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Lemma C.9 The following bound is valid: 

I N N 



Co > E - G*? ] E ) < m e hco c C 2 N 

\ i=l j=l / 



(C.44) 



mt/i i/ie positive constant 



Co : -- 



2AE 



dx 2 



K. 



(C.45) 



Proof: We treat only the case with s = x because the other can be treated in the same 
way. Note that 



" N 


N 

















N 

E 

i=i 



7T, 



P 



2m P 



m e ^ 9a;, 2 



+ [TTa.i, [K,(ri), ir x>i \) > + J2 [n x ,i, [u (N) (v 1 , r 2 , . . . , r^), tt^- 

(C.46) 

: which is due to the 



where we have used the identity Z7^(ri, r 2 , . . . , rjy), J2j ^x,j 
assumption that the potential is a function of only the relative coordinates rjj 

(xi — a;j,yj —yj). Combining this with ( |C.43| ), we have the desired bound 



JV 



N 



\ i=l j=l 



(TV) 




< 



N 
2AE 



(TieBf 



d 2 



K,(r,)Co 



< 



N 
2AE 



(heBf 



+ h 2 



d 2 



dx' 



■V„ 



(C.47) 



We write 



(C.48) 



Lemma C.10 The following bound is valid: 



^ <3^' S) ) < =C 2 ( 1 + £| ) , (C.49) 



where £ is a positive constant which is independent of the linear dimensions L x , L y of the 
system, and the constant C 2 is given by ( \C.43j) - 
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Proof: Using an identity 



H 



(N) 



u/,0 



jpW rr(N) 



[i - GW] 



1 + 



E 



(N) 



u>,0 



P (N) rr(N) 



[1-Gf)], (C.50) 



we have 
2m P \ u ' ^ u I ~ 



1 



iV 



iV 



7T, 



[1 " 



iV 



i=l -H,., n — xv, 



(JV) 

LJ.O 



l v,0 ^ujfl 3=1 



+ 



E 



N 



(N) , 



N 
1 



i=i 



£ ^ 1 1 + ) ( *3/ . E [i - e»l E > • 



1 _ GfCfO 
~^W) Jan) 



N 



3=1 

N 



NAE 



AE 



i=l 



3=1 



(C.51) 



Combining this, the bound ( |C.44j) of Lemma C.9 and Lemma G.l in Appendix 0, we 
obtain the desired bound ( p.49| ). ■ 

Proof of Proposition U. dj : In terms of the vector vl/^ 5 ) of ( |U.48| ), E w [A^ S) i n ] can be written 



as 



1 N 



m e N i=1 

N 



1 JV 



Using the Schwarz inequality, we have 



Ms) n M *(N) 



< 



eBL,. 



(C.52) 



V ■ m N "\ Qftvi™) Q®*<$). (C53) 



In the same way as in the proof of Lemma |C.4j , we obtain 

:»s"».w>^(i+§) 



5 



and 



•<5.oS3*S3>s(£wv»+c.) (■ 



5 



(C.54) 



(C.55) 



where we have used the bound ( U.49Q and Proposition ¥ r 72. Substituting these bounds 
into (|C.53fl , we get 



¥ N ' s) o [+) v 



< m. 



(C.56) 
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Similarly we have 



< m P 



K ^ fl + %i )c 2 (Cs + C 4 iV-V3) x ivV3 f ^ 
'\J 2A£ \ AE J v d ; U B 

Using these bounds for (|C.52j ), we obtain 

|E.[^, m ]|<c; n iv^^^ 3 



5 



(C.57) 



(C.58) 



with the constant 



2hUc(l +4-)(XC i + C<N-V>). 



(C.59) 



\ AE \N AE / 

Consequently we obtain the desired bound ( 0.42 ) from N = vM with M = L x L y eB jh. 



D Estimate of \M 



10 k vl s,out 



In this appendix we estimate -M,, iOU t of (|5.33| ). It can be divided into two parts as 



with 



and 



M s , out = M ( sL + MfL 



1 ff/ ^ (JV) 77 B— ^1 P -TT -fc^ 

/ , / , \ ^,0 5 ^(TV) rr(iV) out,i«a;,l^u;,0 



m e iV . . , 



(2) _ " " / (Ar) p t ,,s>W 

" ieiV i=l J=l \ Aj,0 - ^ W ,0 



(D.l) 
(D.2) 

(D.3) 



D.l Non- interacting case 

Consider first the non-interacting case, = 0. Then .M^out an d -Msout can be written 



as 



M 



and 



(i) 

s,out 



~~ H (V 

m e N £?N V 



v> p 



~-ri J Ar f^iL.n' Pout'K x**P ijj ,n 



•MS* 



e n<N 



(V^L Pou.tWPu,,n) 



(D.4) 
(D.5) 
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in terms of the eigenvectors tp U)n of the single-electron Hamiltonian Tt^. Here 
Vjft is given by QC^9|) . 
Since we have 



E 

feeisr(Jout) 



k£K(I ont ) 



Ly/2 

-Ly/2 

Ly/2 

y/2 



(y - yjt) |^«,n(A;,2/)| 
dy \<p u , n (k,y)\ = 5*((p u , n , P t 

-Z„/2 



out ^flui.n) j 



we obtain 



n) < Cl 



5 



for n < N 



in the same way as in the proof of Lemma |C.4j . Further we get 

4 

5~l 



(A£) 2 

Using the Schwarz inequality and the bound (|D.8|), we have 



for n < N. 



2S„ 



Therefore we obtain 

for of ODD . 

On the other hand we have 



AE 



B 



s 



s,out 



- AE v ] 



5 



eB 



eBL 



2m e 



-\J (ljj { j)n, PoutV'ftn) {(Pu.nPoutVu 



< 



Jhu c £ ,> L v (Ib 
<. . Lr 



V2AE t B \ S J 
by using the Schwarz inequality, (|D.7|) and (p.8| ). Therefore we obtain 



M 



(2) 
s,out 



V2AE 1 £ B \S, 



for .Mgut of 

Consequently we get 



\M 



s,out 



< 



M {1) 



s,out 



+ 



s,out 



< 



2£p,> 
~~AE 



V2AE l £ B I 5 . 
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D.2 Interacting case 

In this case we have the following estimate for E w [A^ SiOUt ]: 

Proposition D.l Suppose that G C 2 (R 2 ) and V u satisfies the bound ( 2.31 ) in Theo- 
rem [O. Then 



■ B 



E.[^ s , out ]|<C out (^) (^) (^] forN>N, 



8 



(D.14) 



where C out and N min are positive constants which are independent of the linear dimensions 
L x ,L y of the system. The number N min is given explicitly by ( \F.lb} ) in Appendix \F.i . 



Proof: In terms of the vector *(f' s ) of ( |C^5|) , we write M^t of ( P^D as 



N 



(D.15) 



Using the Schwarz inequality, we evaluate the matrix element in the right-hand side as 

(D.16) 



u;,0 J out,i"a;,i^tj,0 



In the same way as in Section |C.2|, we have 



e' s) ^out^))<^c 2 (i+ 



AE [ 5 



and 



From these three bounds, we estimate .M^dut °f (P-15|) as 



(D.17) 



(D.18) 



Similarly we can write .M^out of (p.3|) as 



(D.19) 



M 



(2) 
s.out 



\ ^ ) - r out,ji/j < i'a;,0 



(D.20) 



in terms of the vector vpC^ 5 ) of ( |U.48| ) . Using the Schwarz inequality, we evaluate the 
matrix element in the right-hand side as 



< 



< 



». //iTf(".») 



C 2 (C 3 + C 4 ^ 2 / 3 ) x iV 5/6 



Ly U_B 

i B \S . 



(D.21) 
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where we have used the bound ( p,17| ) and the bound 



^,Po^)<(C 3 N^ + C 4 ) f 



(D.22) 



into ( |D.20| ), we get 



The second bound can be derived in the same way as in Section |C.2| . Substituting ( p.21| ) 

(D.23) 



M {2) t 

Jvl s,out 



< 



TlUJr 



\ 2AE 



Combining this with ( p,19|) , we obtain 



\M 



s,out 



< 



M {1 \ 

J v l s,out 



+ 



M {2 \ 



(D.24) 



Consequently we have the desired bound ( |D.14| ) with N = vM and M = L x L y eB /h. 



E Estimate of E u \M 



lu l/^l^edge 



In this appendix, we estimate the random average E w [.M Sj edge] of (|5.34j) which is the 
contribution near the edges of the system. It can be written as 



N N 



M 



s,edge 



K,0 



where 



/edge = (J (V 2 - + ^2/> V 2 + ^ + 



As a result, we will obtain 



I Ejj [tVI s,edge] | — (-'edge T j 

Ly 



(E.2) 



(E.3) 



where C e dge is a positive constant which is independent of the linear dimensions L x , L y of 
the system in both non-interacting and interacting cases. 



From Lemma B.7, we have 



E, 
1 



E„ 



*w,0>7r»j^ / (TV) p (N) 
^,0 — A;,^ 



1 



(AT) 



Aj,o ~~ A 



=c , , /? . /It iT 



for 7^ 0, where M = eBL x L y /h. Combining this with ( |E.1| ), we obtain 

25 



|E W [M f 



,edgej 



< 



m e L y N 



N N 

i=i i=i 



(JV) [l-G^] (/v)' 



(E.4) 



(E.5) 



45 



E.l Non-interacting case 

Consider first the non-interacting case, U {2) = 0. Then (^5J) can be evaluated as 



|E W [M t 



,edgej 



< 



< 



25 



m e L y N 



EE. 

n<N 



26 



m e L y N n<N 



where we have used the Schwarz inequality. 



< 



4£ ,> 6 
AE L„ 



(E.6) 



E.2 Interacting case 

Using the Schwarz inequality and Lemma |C9|, we have 



N N 



I 1 -gg !, , *m 



< 



i=l j = l 
1 



\ 



AT N \ / N N \ 

E «•.,*[! - E ) E T-.m[i - E 



i=l 



i=i 



m=l 



n=l 



Nm e Tiuj c „ 
< — ^r^C 2 . 
AE 



Substituting this into the right-hand side of ( |F.5| ), we obtain 

, r 2hu c 5 



(E.7) 



(E.8) 



F Decay estimate of wavefunctions 

In this appendix, we obtain a decay estimate for the Fourier component of a wavefunction 
for both non-interacting and interacting electrons gases. 



F.l Non- interacting case 

The aim of this subsection is to give a proof of the following proposition in the non- 
interactine; case l/W = 0: 

Proposition F.l Let (p be a wavefunction such that \\Hu<p\\ < oo. Then 

(y, [ir x /(eB)]*<p)\<£% {J^\ {{\\HM\ + \K\\ \\<p\\f + 4hw e [(<P, U^) + \\V u \\\\<p\\ 2 ]} . 

(F.l) 
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In order to see the physical meaning, we write 

k 

in terms of the Fourier transform. Clearly one has 



(F.2) 



E 

k 



Ly/2 



Ly/2 



dy(y-y k ) 4 \<p{k,y)\' 



< 



( 2 



B 



\HuJr 



HM\ + \\yj M) 2 + 4^ c [(f, Hup) + ||K|| |M| 2 ] } (F.3) 



with yk = hk/(eB). This implies that 0(k,y) decays more rapidly than \y — y^\ 4 when 
\\HjjipW < oo. 

Before giving the proof of Proposition [F.l| , we shall see a fairly trivial decay estimate 
for a wavefunction. Let tp be a wavefunction. Then we formally have 



2m„ 
Clearly we get 

and 



— (<P, (Px - eBy) 2 <p) + — \¥,p 2 y y) + (</?, V u (p) = ((p,Hu,(p) 



2^" (p> (Px ~ eBy) 2 <fj < + l|K|| IM| 2 , 



— (P'P 2 yV) < (<P,ftu<P) + l|K|| \\<p\ 



2m, 

Combining the first inequality with the Fourier form 



we get 



E 



Ly/2 
-Ly/2 



dy {y -y k ) 2 \0(k,y)\ 2 < 



2m e 
e 2 B 2 



(cp,H u (p) + ||K, || \\<p\ 



(F.4) 

(F.5) 
(F.6) 

(F.7) 



where yk = hk/ {eB). This implies that the Fourier component <p(k, y) decays more rapidly 
than the inverse square of the distance \y—yk\ when the wavefunction satisfies the condition 

| (fp,H u (p) | < oo. 

In order to obtain the stronger decay bound (|F.3|) , we consider a formal identity 



((p^b-Px/ieB)]' 



^ (<P, [V -p a /(eB)]V) + (<P,plh -p x /{eB)f V ) 
+ (cp,V UJ [y-p x /(eB)} 2 ( p). (F.8) 



Since the second term in the right-hand side can be written as 
2 ^(^p 2 y [y-p x /(eB)]\) 

7^- (<P,P V [V -Px/(eB)] 2 P y <p) - ^- {<P,Vv\!J - Px/{eB)\ip) , (F.9) 
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we have 



e 2 B 2 
2m P 



(ip, [y -p x /{eB)] A <p) + — ^- (<p,p y [y - p x /(eB)] 2 p y <p 



ih 



(ip,Hu[y -p x /(eB)] 2 <p) + — (<p,p y [y - p x /(eB)]<p) 

Tfl e 

-(^V„[y-p x /{eB)f<p). 



(F.10) 



In order to get a bound for the first term in the left-hand side, we estimate the right-hand 
side as follows. The first term in the right-hand side of flF.lOQ can be evaluated as 



(^p,H U3 [y-p x l{eB)\ 2 v )\ < \\HMl \J&, [y - Px/(eB)]*<p) 



(F.11) 



by using the Schwartz inequality. Similarly the second term in the right-hand side of 
( |K.10|) can be evaluated as 



(<P,P y [y -Px/(eB)]<p) 



< 



< 



~eB 



vV [y-pJieB)] 2 ^) 



(lp,h w (p) + || IM 



where we have used (|F.5|) , and ( |F.6|) . Finally we have 

(<P,V u \y-p x /{eB)W)\ < \\V U \\ \\<p\\y/{<P,[y-Px/(eB)]*<p) 



(F.12) 



(F.13) 



for the third term in the right-hand side of (F.10|) . From these three bounds, we formally 
obtain 



e 2 B 2 
2m P 



- p«/(eB)]V) < (\\HM\ + \\<p\\) yfc, [y - p*/(eB)]V) 

2h 



+ 7b 



{<P,H„<p) + \\V w \\ \\<p\ 



(F.14) 



where we have used the fact that the second term in the left-hand side of ( [F.10| ) is non- 
negative. From this ( F.14 ), one can easily obtain 



[y-pJ(eB)}^) < 



+ 
< 



7TI 

^(\\HM\ + \K\\y\ 

e 2 B 2 
2m e 

e 2 B 2 



\[(pUp\\ + HKIIIMI) 2 + ±hj c \{<p,H w v) + ||K,|||M| 2 ] 

IK^II + IIKUIMI) 2 + 4hLu c [((p,H^) + HKlllkll 2 ]- 

(F.15) 



Thus we have obtained the desired bound ( [Kip which is justified for (p satisfying ||7^ w <£!|| < 
oo. 
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F.2 Interacting case 

Next we consider the interacting case. Our goal of this subsection is to give a proof of 
Proposition |F.2| below which is an extension of the decay bound QF.1Q to the interacting 



electrons gas. We write 



2u 



3/2 



where £ is an upper bound for the ground state energy per electron E^q /N of the Hamil- 

tonian H^q of ( |5.2| ). The constant 8 is independent of the linear dimensions L x , L y of the 
system as we show in Lemma |G.1| in Appendix |G"[ 



Proposition F.2 Let $^ be the ground state eigenvector of the Hamiltonian H^J with 
norm one. Then 



4?) 4 «,■*£?, <A N o) < ^ (C 3 N^ + C 4 ) for N > N min , (F.17) 



4 

eB 

where the constants C3 and C4 are independent of the linear dimensions L x ,L y of the 
system. 

Consider an identity 

(F.18) 

where 

<o J) := «■ + pjj) + K,(r,) + C/^) (F.19) 



with 



tf^fo; ri , r 2 , . . . , r^i, r i+1 , . . . , i>) = £ U^(x, - x t , y 3 - y t ). (F.20) 



Clearly the first term in the right-hand side of ( |F.18| ) is written as 



Note that 

= - h 2 e 2 B 2 - iheB + Py,j^x,j) , (F.22) 

and 

^ j/Wi) = j/Wi)^ _ «!» L ^uiNJ) + i[/W) fij ) _ tf^uM. (F.23) 
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Here we have used the commutation relation [p y j, ir x ,j] = iheB for getting the first relation. 
Since the left-hand side of ( [F.21 ) is real from ( |F.18| ), we have 



(N) Tj(N,j)^(N)\ 



> 



2m, ' • 77 "-' ' - n } 2m, 



ftV^ 2 



IK; 



7T 



(TV) 



(F.24) 



Here we have used the Schwarz inequality for evaluating the third term in the right-hand 
side of (|R2ll) . Substituting this bound flFgg ) into (|FlgD , we obtain 



(iV) $ (JV)\ 



> 



1 



V 7T 2 .$ (JV n } \ 



ftV^ 2 



2m e 



5! /&w J^r/WW^ 



\V II J/vT 2 7T 2 



> 



2m P 



7r x,j T t,),0 5 7r i,j*u,0 / 



{N)\ 



h 2 e 2 B 2 h 2 



2m P 



N 



- II VL 



7T 2 7T 2 



where we have used the assumption ( |2.11| ) about and 



Further the inequality thus obtained is rewritten as 



r(JVj) 



n(/V-l) 



< 



ft 2 e 2 5 2 + 2m e h 2 aU + max {o, ^ - E%~ 1) ) 



4m 2 Co ) 



< h 2 e 2 B 2 + 2m e h 2 aU + max {o, E^J - x 4m 2 £ 



by using Lemma |G.1| in Appendix |G[ The energy difference E^q — E^ L> is evaluated as 
follows: 



<N-1) 



;F.25) 



;f.26) 



;f.27) 



Lemma F.3 Let n be an integer such that 

1 



n + ->N 2 Jl 



Then 



E 



(TV) 

LJ,0 



E 



(N-l) 

LU,0 



< hcu c [ n + 



1 



2CL 



N 



V2n + 1 



+ CL 



(F.28) 



;F.29) 



where C' 5 andC' 6 are positive constant which are independent of the linear dimensions L x , L y 
of the system and of the number N of the electrons. 
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The proof is given in Appendix |H]. 

Proof of Proposition \F. From ( F.27| ) , we have 

< 4m 2 e \\Vuf + tfi 2 e 2 B 2 + 8m e h 2 aU + max {o, E$ - E { ^ 1) } x lQm 2 J. (F.30) 
From the bound ( F.29| ), we have 

<? - E^ < hu c (C 5 iV 2 / 3 + Ce) (F.31) 

by choosing n as 

N 2/3 + 1 > n + - > N 2/3 > N%?. (F.32) 

Substituting ( F.31|) into the above ( F.30| ), we obtain the desired bound (F.17|) in Propo- 
sition [F.2I. ■ 



G Estimates of the ground state energy E^q and the 
ground state expectation of 

The aim of this appendix is to estimate the ground state energy E^J of the Hamiltonian 
Huo °f ( |5-2|) and the expectation value of with respect to the ground state ■ 
The results are summarized as follows: 



Lemma G.l Let be the ground state eigenvector of the Hamiltonian H^ y J with the 



(N) 



energy eigenvalue E^J . Then the following two bounds are valid: 



E 



N 



2u 



and 



h 



eB(u + l) 



±(<l,u^)<2\K\\+ h 



U(2) 



U(2) 



< u. 



(G.l) 



(G.2) 



Here £ andU are positive constants which are independent of the linear dimensions L x , L y 
of the system, and £\{v) is a small real number which tends to zero as L x , L y — > +00. The 
norm \\ ■ ■ ■ \\i is defined as 

\\f\\i-= I \f{x,y)\dxdy (G.3) 
Js 

for a function f on S. 

We begin with the following lemma: 
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Lemma G.2 The following two bounds are valid: 



EL'S < »- 



2v 



and 



^ N IU^)<2N\\VJ + (4 N \U^ 



(G.4) 



(G.5) 



where the vector ^ s the N electrons ground state eigenvector of the non-interacting 
Hamiltonian 



N 



N 



E^ = E^T [(p^-eByjf+p, 
3=1 i=i zrrie 

with the periodic boundary conditions. 



(G.6) 



Proof: By definition, we have 



E 



(N) 
uj,0 



$W H {N) $ {N) 



Therefore the first bound (|G.4| ) follows from 

£ «>,« 3 4 N) ) = £ (* + i) < M^l£ 



(G.7) 



(G.8) 



where the second sum runs over all the states I in the Fermi sea. Further, by combining 
(|G~7D with 



TV N 

E(*f°.^H<E(*a«i*2S 



(G.9) 



i=i 



3=1 



we get the second bound ( |G.5| ). 



Owing to this lemma, it is sufficient to estimate the expactation (3>j) , f^^o /• For 
this purpose, we use the following lemma: 

Lemma G.3 Lei 0^ fc 6e i/ie eigenvectors ( W. 1 7[ ) of the single electron Hamiltonian TC of 
(3.1) with the peridic boundary conditions (3.9). Then 



J2 / dx l dy i U {2 \xi - xj, y % - y 3 ) ^ jk {x h y t ) 



2 _ eB 
~ ~h 



C/(2) 



+ 4 



(«) 



(G.10) 



for any (xj,yj) G R 2 . Here the sum is over all the wavenumbers k for a fixed Landau 
index n, and the small real number tends to zero uniformly in the Landau index n as 



L X i L y — ► +00. 
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Proof: Consider the function 



p n (x,y) := 

k 



(Gil) 



From the definition (|3.17|) of the vector <^ k , the function p n is periodic in both x and ?/ 
directions as 

Pn(x, y) = p n (x + Ax, y) = p n (x, y + Ay), (G.12) 

where 

h 1 , A h 1 
Ax = — — and Ay = — — . (G.13) 



eB L, 



eB L, r 



From this periodicity and the periodicity ( |2.10|) of the two-body interaction U^ 2 \ we can 
assume \xj\ < Ax/2, \yj\ < Ay/2. The integral of p n on the unit cell A^ m becomes 

1 



where 
with 

and 



Vr, 



dxdy p n (x,y) - 



Ai !m := [xe,x e+1 ] x [y m ,y m +l\ 
~ + {£-l)Ax for 1 = 1,2,..., M 

-2- + (m-i)Ay for m = 1,2, ...,M. 



(G.14) 

(G.15) 
(G.16) 

(G.17) 



Since the function is continuous by the assumption, there exists a point (£^' m , ?/> m ) e 
A^ m such that 



da^di/i U (2) (xi - Xj,y { - yj)p n (xi, 

771 

U ( - 2 \^ e > m -x j ,ri e ' m -y j ) 



M 



(G.18) 



Using (|G.18|) and the definitions of Ax, Ay, we get 

/ dx l dy i U (2 \x,i - Xj,yi - ^ nk {xi,y^ 

dxidyi U {2 \xi - xj,yi - y j )p n (xi,y i ) 



uW^-Xirfn-vAAxAy 



£,m 

e_B_ 

h ^ 



eB 

h Z - 



U^i^-Xj^-y^AxAy 



(G.19) 



y/(S e - m ) 2 + (V e ' m ) 2 >R' 
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with a large positive number R'. Since is continuous, the first term in the last line 
converges to 

eB r 

— / dxidyi U (2) (xi - Xj,yi - y 3 ) (G.20) 

as L x , L y — > +00. The second term is vanishing uniformly i?' — > +00 from 

the assumption Q2.12D about £A 2 '. Thus the statement of the lemma is proved. ■ 



Proof of Lemma \G. i| : Note that 



m,k,n,k' 



m,k,n,k' 



1 ' dxidyi j 


f dxjdyj 




* 


0n,fc'( r i) 


1 ' dxidyi j 


f dxjdyj 




* 


0n,fc'( r j) 





2 




0m,fc( r i) 




0n,fc'( r i) 



< J dx i d Vi J dxjdyj t/ (2) (rij) 0^, fc ( r 

m,k,n,k' 

where we have written = (scj — Xj, yi — y 3 ) for simplicity. 
On the other hand we have 



(G.21) 



m,fc 



2 < eS(z/+ 1) 



ei(i/l 



(G.22) 



from Lemma |G.3| . Here £\{y) is a small real number which tends to zero as L x , L y — ■> +00. 
Substituting this inequality into the right-hand side of ( |G.21| ), we gat 



l/W$W\<tf 



'e£(z/ + 1) 
h 



U(2) 



(G.23) 



Combining this with Lemma |G.2|, we obtain the bounds in Lemma |G.l 



H Estimate of - E { ^~ 1) 



In this appendix, we prove Lemma F.3. For this purpose we consider 



F (N) < 



where 



with 



»7(1) 



" aj,(n,k) 



(JV) 

a;,(n,fc) 



Asym 



{JV_1) » ^ p 1 



(H.l) 

(H.2) 
(H.3) 
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Here Asym[- • •] is the antisymmetrization of a wavefunction, whose definition is given in 



(JV-l) 
oj,0 



is the N — 1 electrons ground state eigenvector of the Hamiltonian 



(JV-l) 



with norm one, and p fc are the normalized eigenvectors ( |3.17|) of the single electron 
Hamiltonian 7i of ( |3.1|) with the periodic boundary conditions (|3.9|) . We introduce an 
orthogonal decomposition of the vector $ifo _1 ' ) as 



$(^-1) _ ^(N-l) y(N-l) 
^,0 — *l,(n,fc) + W 2,(n,fc) 



with 



(iV-l) 
l,(n,fc) 



JV-1 



(n,k) 



(iV-l) 
w,0 ' 



where p( ra ' fc ) is the orthogonal projection onto the vector P &. Then Asym 
is identically zero because the vector $^ ^ is expanded as 



;h.4) 
;h.s) 



(JV-l) 

£J,0 



E a fe} As y m 



{&} 



;h.6) 



in terms of the vectors Here we denote by £ the pair of a Landau index n and a 

wavenumber fc, i.e., £j = (n^, fej). From this observation, we have 



77(1) 



■£<* 

k 



M?\ Asym 
M ^ ( Asym 

— vll* (JV_1) 

|| l,(n,fc) 



(iV) 

(jV-1) 
w.Q 



l,(n,fe) 



Asym 
Asym 



(JV-l) 
w,0 



k 



4 P 

n,fc 



l,(n,fe) ^ 



(H.7) 



Lemma H.l The following bound is valid: 



— vll^ (7V_1) 

jVf ^ Ir 2,(n,fc) 



< 



A 2/3 

- 1 * mm 

2n + 1 



(H.8) 



TOi/j t/ie positive constant N min zs given &?/ flF.ifl ) 
Proof: By definition, we have 



(JV-l) 
2,(n,fc) 



E ««> 



E (fap™*?)- 

ee{6,6,-,?iv-i} 



(H.9) 



Clearly, 



]Vf ||*2,(n,fc) 



2 _ 1 



E k& 



E (^ (B W) 

£'e{6,6,-,6v-i} 



(H.10) 
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where P^ n ' = J2k P^ n,k \ i.e., the orthogonal projection onto the Landau level with the 
index n. 



On the other hand we have, for the ground state energy E L 



E 



(AT-l) 

_Ujfl__ 

N - 1 



> 



N — 


i 


1 




AT 

iv — 


1 

1 


1 




N- 


1 


1 




N — 


1 


1 




N- 


1 


1 




N — 


1 



(JV -_i) (i v-l) (iV-1) 



AT-l 



i=i 



- W,0 / 



j N—l 
- 1 

i=i 



(JV-l) 
a),0 J 



T E(^" 1) .K,(r i )^ 



(AT-l) 



AT-l 



(iV-1) p (n)_ ^(AT-1) 



AT-l 



E (#^ (n) 

«'6{«l,«2,-,?iV-l} 



Combining this with the above ( |H.10| ), we get 



(N—l) 
(n,k) 



2 V 

< 



+ 



E 



(N-iy 



N-l n + 1/2' 



(H.ll) 



(H.12) 



Using the bound ( |G.1| ) in Lemma |G.1| in the preceding appendix and N min of ( |F.16| ), we 
obtain the desired bound ( [H.8|) . ■ 



From ( |H.7[ ) and ( |H.8| ), we have 
Corollary H.2 



^)>\ for n+^>N mm 



2/3 



Next consider the numerator of the right-hand side of ( |H.1|) , 

V { n LU,0 J - M 2^ \^,(n,fc)' ""^,0 ^co,(n,k)/ ' 



(H.13) 



(H.14) 



By definition, we have 



Asym $S _1) ®0n, fe , ^c/Asym 



(TV) 



(N-l) 

LUfl 



Asym 



E 



(N-l) 

LU,0 



2 



(AT) 

u,(ti,t) 



Asym 
Tiuj c \n-\ — 



tt(N)^(N-1) 



n,k 
^n,k 



(TV) 

u>,(n,k) 



Asym 



, Asym 



+ (Asym [d^ ® < fc ] , Asym [f^"^^ ® < fc 



(H.15) 
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where the operator U^ N '"'^ is defined as 



K ri, r 2 , . . . , rj_i, rj + i, . . . , r N , rj) 
= J2 u[2) ( x i ~ x vVi -%') $ S)'~ 1) ( r i ) r 2,---,r i _ 1 ,r i+1 ,...,r J v) 

Substituting this into the right-hand side of ( |H.14| ), we obtain 



E 



(N-l) 
u,0 



+ huj c n + 



+ ^E^ym 



2 

(AT-l) 
w,0 



7/(1) 



, Asym 



+ ^ E (Asym «^ (8 < fe ] , Asym [l/W-)^ ® €, 



The first sum in the right-hand side is written as 



(H.16) 



(H.17) 



M 



5^ (Asym 



Asym 



(AT-l) 
oj,0 



M 



E ( A ^m ® <*| » Asym ® 



(AT-l) 



(H.18) 



where 



AT-l 



*SB= n [i-^ (n ' fc) ra 



(iV-l) 
w,0 



(H.19) 



Here p( n ' k '(V u ) is the orthogonal projection onto the vector K,0^ >fc . Using the Schwarz 
inequality, we have 



5^ (Asym 



M 



< — T \m 



(N-l) 

LUfl 



n,k 



, Asym 



(N-l) 
(n,k) 



(N-l) 
3,(n,k) 



v„ 



< 



M 



Ell* 



(N-l) 

LU,0 



(H.20) 



The second sum in the right-hand side of QH..17 ) is written as 

j- £ (Asym <J , Asym [U^^ ® < A 

A: 



mE (Asym 



(7V-1) 
l,(n,fc) 



<J,Asym[^-^S^®< A 



+ ]^E(Asym 



Asym[^-)^ n -iU< 



(H.21) 



by using the decomposition (|H.4| ). This second sum in the right-hand side is evaluated as 
follows: 
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Lemma H.3 The following bound is valid: 
1 



N-l 



V2n + l' 



(H.22) 



where a is the positive constant given in the assumption (2.11 ) on the interaction U^ 2 \ 



and 62 is a positive number which tends to zero as L x ,L y — > +oo. The norm 
given by 

ll/Hoo^ sup \f(x,y)\ 

(x,y)eS 

for a continuous function f on S . 

Proof: The interaction potential is written as 



Xj - x t , Vj - Vt 



) = 1 £ U {2 \k x ,k y )e ik * x i +ik 



L X Ly k x ,ky 



in terms of the Fourier transform of U^ 2 \ Clearly, 

U^fa; ri, . . . , rj-_!, r i+1 , ...,!>) 



L X Ly k x ,k y 

Using this expression, we have 
1 



-ik x xe-ik y y e 



^ £ <Asym ® <J , Asym [u^¥^ ® 0; 



(H.23) 



(H.24) 



(H.25) 



L X Ly 



where 



J «#j 



{N-l) 
k)i 



and 



ik x x+ik y y iP 

VVfc- 



(H.26) 



(H.27) 



(H.28) 



58 



Here P^ n ' k '{k Xl k y ) is the projection onto the vector k (k x , k y ). Applying the Schwarz 
inequality to the right-hand side of ( |H.26| ), we have 



M 



E (Asym ® <J , Asym [t^H*(^> ® < 



< 



x 



2 1 



r (JV-l) 
,(n,fc) 



E 



L.L, (Ag + k 2 y + a) 2 M 



< 4a' 



tf(2) ^(2) 



(H.29) 



where we have used the following three bounds: 



* { U^(k x ,k y )~<(N-iy 



(AT-1) 
2,(n,fc) 



(H.30) 



E(^ + ^ + «) 2 |^ (2) (^ 



dxjdyj 



d 2 d 2 

+ 7^ o + a 



< 4a 2 /" dxj-di/j- |t/ (2) (rj£) 



< 4a 2 



[7(2) ^(2) 

i 



and 



E 



(A: 2 + k 2 + a) 2 Ana 



+ e' 



(H.31) 



(H.32) 



Clearly e' 2 defined by the above equation is a real number which tends to zero as L x ,L y — > 
+oo. The bound ( |H.31| ) is easily derived from the assumption ( 2.11|) about U^ 2 \ Com- 
bining ( glgg ) with ( |TOD , we get the desired bound flFTgg ). ■ 

The first sum in the right-hand side of ( |H.21|) is evaluated as follows: 

Lemma H.4 The following bound is valid: 

i- E (Asym ® <J , Asym [U^MIS) ® < 



< 



M 

ft; 

4z/eS 



[||^ (2) 



(n) 



+ 4JV, 



2/3 



AT 



2n 



(H.33) 



where is a positive number which tends to zero as L x , L y — ► oo. 
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Proof: Note that 



l - £ (Asym foft-g ® < J , Asym \u^¥^ ® < 



iV- 1 

M 
iV- 1 



(AT-l) 
l,(n,fc) 



ri, . . . , rjy 



2 

_l) £/ (2) (xat_i - Xat, - Vn) <t>nA T N) 



M 



x[/ (2) (xtv_i -xtv,?/7v_i - J/jv)*2; n ,lj(ri, • • • ,r N -2,r N ^i)4>^ k {r N ). (H.34) 



Here cfa/ 7 ^ = dxidyidx 2 dy 2 ■ ■ ■ dx^dy^. Since the absolute value of the second term in the 
right-hand side of (|H.34| ) is bounded by the first term by using the Schwarz inequality, we 
have an inequality 



M?( Asym 



,Asym[c/W-)*SXl)®< fe 



M 



Note that 



(AT-l)/ 

l,(n,fc)l r l> • • • i r N-l, 



< 2 



^,0 l r l; 



r-jv-i 



+ 



(iV-l), 



ri, . . .,rjv_i 



2,(n,fc)V J -l5 • • • 5 



(H.35) 



(H.36) 



(N-l) 
o),0 



(AT-l) , T .(AT-1) 



+ Substi- 



l,(n,fc) ~ *2,(n,fc) 



which is easily obtained by using the decomposition $ 
tuting this inequality into the right-hand side of ( |H.35|) , we get 

1 £ (Asym ® < J , Asym [^'MS ® <J ) 

E / dv {N) $ lfo _1) ( r i, • • -,tn-i) U®(x N -i - x N ,y N -i - y N ) <fil, k (r N ) 



< 



+ 



< 



4(JV- 


1) 


M 




4(JV- 


1) 


M 




4(iV- 


1) 


M 




A(N - 


1) 



(Jv-i), 



ri, . . .,r N . 



2,(n,fc)V 1 l5 • • • 5 



-i) U (2) (x N -i - x N ,y N -i - y N ) 4>n,ki r N) 



E / ^ w 

5^ / dw (Ar) j^o^tr!, . . .,r^_i) [/^(xjv-i - x N ,y N -x - yjv) 0n,fc( r iv) 

(H.37) 



M 



,(N-1) 
2,(n,k) 



Combining this with ( |H.8| ) and Lemma |G.3| , we obtain the desired result ( |H.33| ). 
Proof of Lemma |F3|.- Combining (fOlj) , ( [EL22D , ( |FL33l) , we have 



M 



E (Asym 



(7V-1) 
w,0 



n,fc 



^ym^-)^®^ 
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< N l/3 

— - 1 * mm 



(e 2 + a/ir) ||t/( 2 )|| 1 ||t/( 2 )|| 0O + 



4N 



1/3 



N- 1 



+ 



AueB r 



[7(2) 



(H.38) 



Combining this, (|H.17|) and ( |H.2(]| ), we obtain 



K?) 



< 



+ 



E 



(N-l) 

LU,0 



AueB 
h 



+ %uo c ( n H — 



+ 4 n) 



77(1) + ||VL 

iV- 1 



V2n + 1 



(H.39) 



where C5 is a positive constant. Substituting this into the right-hand of ( |H..1| ), we get 



(AT) p(JV-l) 



< TwOr I n 



2 UK; 



8ve5 r 



£/(2) 



+ 4 n) 



+ 2C' 



N — 1 
V2n + 1 



(H.40) 



for + 1/2 > A^;^, where we have used ( p.l3|) . 
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